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“ The Mathematics-Methods Program (MMP) has been developed by the
Indiana University Mathematics Education Development Center (MEDC)
~ during the years 1971-75. The development of the MMP was funded by
“the UPSTEP program of the Nationa] Science Foundat{on, with the goal
of producing an innovative program for the mathematics training of
prospective elementary school teachers (PSTs).
The primary features of the MMP are:

. e It combines the mathematics training and the methods training of " .
y PSTs. _ , . ~
. s It promotes a hands-on, 1aboratory approach to teaching in which
PSTs learn mathematics and methods by doing rather than by l.is-
tening, taking notes or memor121ng
e It involves the PST in using techniques and materials that are
appropriate for use with children.
e It focuses on the real-world mathematical concerns of children
and the real-world mathematical and pedagogical concerns of
PSTs. '

The MMP, as developed at~thé MEDC, involves a university class-
room component and a related public school teaching~component. The
un1vers1ty classroom component combines the mathematics. content
courses and methods courses normally taken by PSTs, while the public
schoo] teach1ng component provides the PST with a chance to gain ex-
" perience with children aﬁH”1nsight into their mathematical thinking.
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A model has been deve]oped for the 1mp1ementat10n of the pub11c
school. teaching component of the MMP. Mater{ 1s:have been deve]oped ‘
for the university classroom portion of the YMP. These include 12

,jnstruct?ona] units with the following titles:_ IR
, Numeration .
¥  Addition and Subtraction

Multiplication and Divisfon
Rational Numbers with Integers and Reals

Awareness Geometry . .

Transformational Geometry
Analysis of Shapes‘
Measurement
- Number Theory
.Probability and Statistics . .
Grapﬁs: the Picturing of Information

Experiences in Problem Solving

These units are written in an activity format that 1nv01ves.the PST

ip doing mathematics with an eye toward the application of that math-‘
ematics in the elementary school. The units are almost entirely in-
debendent of one another, and any seTection of them can be done, in °

any order. ° It is worth noting that the first four units listed per-

, tain to the basic number work in the elementary school; the second

" four to the geometry of the elementary school; and the final four ‘to
mathematical topics for the .elementary teacher,

For purposes of formative evaluation and dissemination, the MMP
has been field-tested at over 40 co]léges and universities. The |
field implémentation formats have varied widely. They include the .
following: ' ) '

e Use in mathematics department as the mathematics content pro-
gram, or as a portion of that program;

e Use in the education school as the methods program, or as a por-~
tion of that program, . S ‘

* Combined mathematics content and methods program taught in

- o
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either tﬁe mathematics department. or the educat1on school, or

‘ jointly; ,
e Any of the above, with or without the public school teach1ng ex-

perience.

"

Common to most of the field implementations was a smail- -group
format for the university classroom experience and an emphasis on the
use of concrete materials. The various centers that have 1mp1emented
all or part of the MMP have made a number of suggestions for change,
many of which are reflected in the final form of the program. It is
fair to say that there has been a general feeling of satisfaction
with, and enthusiasm for, MMP from those who have been invo]ved in

field-testing.

A 1ist of the field-test centers of the MMP is as follows:

ALVIN JUNIOR COLLEGE
Alvin, Texas

BLUE MOUNTAIN COMMUNITY COLLEGE

Pendleton, Oregon _
.BOISE STATE UNIVERSITY

Boise, Idaho

BRIDGEWATER COLLEGE
Bridgewater, Virginia

CALIFORNIA STATE UNIVERSITY,
CHICO

CALIFORNIA STATE UNIVERSITY,
NORTHRIDGE

CLARKE COLLEGE
Dubuque, lowa

UNIVERSITY OF COLORADO
Boulder, Colorado

UNIVERSITY OF COLORADO AT
DENVER

CONCORDIA TEACHERS COLLEGE

River Forest, I1linois ~

- GRAMBLING STATE UNIVERSITY
Grambling, Louisiana

ILLINOIS STATE UNIVERSITY
Normal, I1linois

INDIANA STATE UNIVERSITY
EVANSVILLE

INDIANA STATE UNIVERSITY
Terre Haute, Indiana

INDIANA UNIVERSITY
Bloomington, Indiana

INDIANA UNIVERSITY NORTHWEST
Gary, Ind1ana

MACALESTER COLLEGE
St.. Paul, Minnesota

UNIVERSITY OF MAINE AT FARMINGTON

UNIVERSITY OF MAINE AT PORTLAND;
GORHAM

THE UNIVERSITY OF MANITOBA
Winnipeg, Manitoba, CANADA

vii
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MICHIGAN STATE UNIVERSITY
East Lansing, Michigan

UNIVERSITY OF NORTHERN- IOWA
Cedar Falls, lowa

NORTHERN MICHIGAN UNIVERSITY
Marquette, Michigan

NORTHWEST MISSOURI STATE
UNIVERSITY
Maryville, Missouri

NORTHWESTERN UNIVERSITY

© ~Evanston, I1linois

OAKLAND CITY COLLEGE
Oakland City, Indiana

UNIVERSLTY OF OREGON
Eugene, Oregon

RHODE [SLAND COLLEGE
Providence, Rhode Island

SAINT ,XAVIER COLLEGE
Chicago, I11inois

" SAN DIEGO STATE UNIVERSITY
San Diego, California

SAN FRANCISCO STATE UNIVERSITY
San Francisco, California

SHELBY STATE COMMUNITY COLLEGE
Memphis, Tennessee

UNIVERSITY OF SOUTHERN MISSISSIPPI
Hattiesburg, Mississippi

SYRACUSE UNIVERSITY
Syracuse, New York

TEXAS SOUTHERN UNIVERSITY
Houston Texas

WALTERS STATE COMMUNITY COLLEGE
MorrIstown, Tennessee

WARTBURG COLLEGE
Waverly, lowa
S

WESTERN MICHIGAN UNIVERSITY
Kalamazoo, Michigan

WHITTIER COLLEGE
wh1tt1er, California

UNIVERSITY OF WISCONSINr-RIVER
FALLS :

UNIVERSITY OF WISCONSIN/STEVENS

s POINT “

THE UNIVERSITY OF WYOMING
Laramie, Wyoming
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S INTRODUCTION TO THE o
© - PROBABILITY AND STATISTICS UNIT .

" 1

, " . e , -
Ch11dren of e]ementary schoo] age encounter. probab111st1c phenomena
1n the wor1d of nature, 1n their?social contacts, and in the games .
"'they play. It is’ both useful and 1nterest1ng for them to cons1deg
. these situations as examp]es of mathemat1cs in. the real world and o _
. »study thep in a systematic way: A]though”most of'the activities used
in the school deal priinarily with actUaT‘expergments, it is necessary _—
, hat the teacher understand the basic mathematiéal concepts in order
‘ to gu1de the children's development in fruitful directions. ','
The, unit begins-with two essays “The first -is-an overvféw which .
‘ gives examples of the occurrence of probab1lwst1c concepts in the
real world and’ 1nstances of related e]ementary school actfvities.
P "The second focuses d1rect1y on teaching probab111ty in the elementary- :
school. : .
- ' Section. I is concerned witﬁ the basic concepts of‘probabf]ity
: L and‘with the role of the snb'ect in the e]ementary,schoo]. It begins
' “with experiences involving hgterials'and teChniques which can be used
to generate data w1th var1ous random features. Many of these exper-
. .iences can bé transferred a1most directly into the elementary class-
;11" room . The fundamental concepts of sample space, event, and probabil-
i ) _#xvare introduced  in Act1v1t1es 2 through 6. Activity 7 focuses on.

'“‘}; the child' § perspect1ve of randomness Act1v1ty 8 includes examp]es
of games 1hVo1v1ng probab111st1c notions, and Act1v1ty 9 considers

; .

‘the 1mpor.tant idea'of ‘the simulation of- random phenomena. A seminar’




-on the pedagogical issues which arise in teachmg probab111ty con-

cludes Section I. ‘ : '
. The basic concepts of statistics are introc‘iuced in S'ection'II. )
" The tasks of collection, organization, and analysis of data are the : A
central topics of theseVactivitjes. Section II concludes with a sem-
inar on the teaching of statistics. '
Three of the mathematical ideas introduced in Sections I and I
are pursued 1n Section-III. Countmg prgblems, wh1gh arose in com-
puting probabilities in Section I' and wrlthh are of s‘ign"ficant inde-
pendent interest, are-discussed in more detail in Actf_'i’ty 15. In .
-Activity 16 the ideas of conditional probability and indebendence are
discussed. These ideas a;'e frequently he1pfu1 in understanding sim-

ple experiments Finally, the ‘concept of expected value, a genera]-

o

ization of the simple mean. or average, is 1n.troduced in Act1v1ty 17.

"Our system of education tends to give children the Am-

pression that every question has a sdingle answern. This

L5 unfontunate because the problems they will encounten

in Latern Life will generally have an indefinite charac- o
Ter. Tt seems important that during their yeans of '
schooling children should be trained to necognize de- ' ‘
grees of uncertainty, to compare theiir private guesses

and extrapolations. with what actually takes place--in N
shont, to interpret and become masterns 05 theirn own un- C
.cmuwtcu ! , A

o a

--John Cohen
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FOCUS:

OVERVIEW =

This overview contains'a selection, of examplés of the use of ideas

with a probabilistic or statistical basis to help understand the real
world.
statistics occur in the elementary school.

MATERIALS:

(Optiona]) The Mathematics-Methods. Program s]1de tape presentat1on
entitled "Overview of Probability and'Statistics."

DISCUSSION: . A L

This overview /grves two functions. First, it introduces in an in-

D'IRE(,TIONS;

Read the two essays "Overview of Probability and Statistics,” which
begins on page 5 (or view the slide-tape with the same title), and
"Teaching Probability in theq%lemeﬁtgry School",:p. 9. Next, engage
in a brief discussion of some of the;points raised. The following
questions can serve as a basis ﬁor the discussion. They should pe J&
read before reading the essays (or v1ew1ng the slides).

1.

3.

formal -manner  some of the basic ideas which are 1nvest1gated in this
unit.

.r.,m‘ll'

assignment for Activity 10.

“deas of probability occur?

4 Cs

It also identifies some of the ways in which probability and

LS

Second, it provides appropriate background and an advance

5

)

What are some of the benefits to children of developing a clear- _
er understanding of uncerta1nty and random events?

What” are some of chilgren‘s out-of-school activities in which

D1scuss the influence of the hand calculator on the range of
stat1st1ca1 problems access1b1e to elementary school ch11dren

~

15
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What other topics from® the elementary, school mathematics curric-
‘ulum might be’ re1nforced through a study of probab111ty and - ‘
stat1st1cs7 " i .

o

D1scu59 tn detail’ one rea] wor1& application of probab111ty or

@ . [

stat1st1cs o7 1
¥ S )
Check‘to see if two people in your:class have the same birthday.

-

Your ihstructor will lead a disdﬁssion'on this famous problem.
“ . ~ ‘ f ¢

ASSIGNMENT: - ot -

Using the essay "feaching‘Probébi1ity in the .Elementary 'School," pp.
9-12, or the references prodeéﬂ after the essay as a guide, prepare *
brief answers to the fo]]omnng quest1ons This assignment will be
discussed in connect1on with Aq§1v1ty 10. -

1. Why is the playing. of games 1mportant in early probab111ty ac-
tivities? : ‘

2. The collecfion, organization, and interpretation of data fre-
quently serve as the focus for the study of statistics in the . »
elementary school. Is this approach an ;ppropriate one for eTer
mentary school children? ,Give an example of an activity involv-

:ing the collection, organization, and interpretatdon,of'déta
which is set in the child's reak world. "You may find the USMES

materials a useful reference. v .

.

3. After‘teach%ng a unitfoh probability in the sixth grade you are .
‘ aggroached by a concerned parent who asks about the role of d1ce
and spinners in d mathemat1cs program. What po1nts would you
raise to support the teathing of probability and statistics in -
the elementary school and, in particular, the use of dice and
t " spinners as instructional aids? o !

' 4. In a faculty meeting a teacher expresses the opinion that al- - ‘
though statistics is a subJect with wh1ch every child shou]d o
have some fam111ar1ty. it is more appropriate for m1dd1e schoo] 4

or high school and should not be included in the elementary cur-
- riculum. How would you respond? ‘ ‘

g v !

»

JRIC . 16 ~




2

~ OVERVIEW OF PROBABILITY AND STATISTICS

‘A great many events in the world around us involve Uncer‘taqinty. Ex-

amples from the social, 1ife and natura]-sciences, the professions--

business, education, law and medicine, and from everyday experience

can e€asily be c1ted The subjects of probability and statistics wene'

developed to enab]e us to discuss sjtuations 1nvo1v1ng uncerta1nty

' and thance in a prec1se and obJect1ve manner. , In.order to ga1n a .

feeling for the breadth and importance of the use of pﬁobab111ty it"

is helpful, to c1te some- examptes and raise some questions as: to how

the conclusions were reached and how théy are to be 1nterpreted

e The weatherman on' the even1ng news says, ”There is a 70% chance

of rain tomorrow Assum1ng that the broadcast reaches peop]e
in a fairly large area,*what does the "70% chance of ra1n‘ meap?

" How was- the 70% figure determined? ’ )
" ™\ [RAINTOZ GIANCE
\ ‘

. X : .

e Every cigarette advertisement and package of”cigarettes carries
the statement: The Surgeon General Has Determined That Ciga- -
rette Smoking Is Dangerous To Your Health. How can such an®
assertion be supported? .

* Before all the votes cast in an election are counted, news-
casters are able to project winners and the final percentages of
votes quite accurately. How can such accuracy be attained with
so 1ittle information?

e Higher-yielding strains of agr1cu1tura1 crops have been devel -
oped using genetic theories.depending on probability. Also,
crop yields can be accurately torecast long before the harvest

‘ actually takes place. " »

'
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These examples from everyday.life, medicine, poidticaf science
and agricu]tﬁre-i]lustrate on]j‘a few of the many ways'that probabil-,
ity and statistics influence our lives. Other exampies .from busines.
(e.g., quality control), consumerism (e g., testing of products), and
education (e.g., evaluations of curr1cu1a or students) could a]so be
given. A1l of these examp]es have in common uncerta1nty or unpre-
dictab111ty of outcomes or results. We will use the term random to '

refer to experiments or phendtena the spec1f1c outcomes or deta1ls of .

wh1ch are not predictable in advance. o .
Uncerta1nty is as common in the experience of elementary schoo]

children as 1t is in the 11ves of aduTts, a]though 1ts presence may v

not be as W1de1y reCogn1zed One’ of thempr1mary goa]s of the study g

of probability in the e]ementary,school is to make children aware of
the nature 6f phenomena involving chance. Initial activities in this

direction would have children determine the possible outcomes for
random experiments and thgse events which have thevﬁreatest chances
of occurring. ‘
Game situations provide natural.vehicles for the study of prob-
ability in the elementary school. For example, games which are p]ay‘

ed with spinner devices can help develop intuitive ideas of 1ikeli-

" hood. There is no guarantee that probabilistic ideas are already a

part of every young child's background. ‘It may take careful ques-
tioning by a teacher to he]p ch11dren realize that red 1s more Jikely !
to occur than blue on sp1nner A and that red and blue are equa]]y
1ikely to occur on spinner B. This is especially true for a child -
whose’favorite color is blue or who has obtained a number of blue

outcomes on spinner A. After developing an initial feeling for the




situqtion children can quantify it in terms such as, "w1th spinner

v we are twice as 11kély to obtain red as blue." They might then try
‘ large number of exper1ments in an attempt to verify this conjec-
ture. . ) ! ' ‘ 7

In addition to spinners, there are many other random devices
which. can be used in probability activities. For example, coins and
dice are fam111ar to most children, although they have probably not’
thought about the1r experiences with them in an organized way.

Some recent curriculum developers
have advocated the inclusion of real-
world app]icatioﬁ% of probability in the
elementary school. For example, children
might toss three coins to estimate the
probability that a family with three chil- -
dren has all boy;< Questions such as "Why

should we use fair coins?" and "How
should the results of the experiments (coiii tossing) be interpret-
ed?" serve to focus the children's attention on the use of mathe-
tics to obtain answers to real-world guestions. Similar activities

can be carried out with sports events. For example,” a world series
can be simulated with an appropriately constructed spinner.

The maJor focus.of work in stat1st1cs in the elementary school
is on collect1ng, orgénizing, and interpret1ng data from the rea)
world. Such activities clearly involve arithmetic and graphing




“ « . |~ . : Y .

skills, and they also frequently involve -measurement. For example, .
the children in a class might collect data on their shoe sizes. The’
data could be prganized in a table which shows the number of childre

. . «
with each shpe size, or the data could be presented as a graph. An

interesting question is that of determining a "typical" shoe size for
a student in the class. 'One possible notion-of typicalness is that
shoe size which occurs most frequently. Another is that shoe size
which occurs in the middle when the set of shoe sizes is arranged
from smallest to 1argest; A discussion of which notion 1is better‘aﬁd,‘ ;
why it is better provides am opportunity to identify strengths and
shortcomings of information given in statistical terms.

Through the use of. such data- col]ection experiments. some of the
important ideas of statistics can befcommunlcated to children. These
ideas enable children to better organize their knowledge about them-
selves and about the world around them. ;
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TEACHING PROBABILITY IN THE ELEMENTARY SCHOOI

)

Qst as many s1tuat10ns' and pﬁgnomena encountered by aduIts in thewr .
" veryday lives involve ncertawntx in some form, sp also is uncer-
tainty a common element %n the everyday exper1ence of ch11dren, only
the exampIes are different. . Many parlor games are games of dhance, 1
most sports involve chance as well as skill; and even. schoo] work is
sbmetimes viewed as an activity of chance. The concepts and tech-
N n1ques of probab111ty provide a means of studying uncertainty from a
. mathematical point of view. - . A .“
The 1ssues which arise in a conswderat1on of the ro]e of proba-
bility in the elementary school have. been 2iscussed by many ‘mathemat - '
ics educators. The short 11st of references at the end of this ‘essay
is only a small sample of the literature avaw]ab]e on the subject.
This d1scuss1on is intended as a brwef survey, and the 1nterested
reader shou]d explore the references for more details. -
It 'is useful to begin with an identification of several levels
throughgwhich learriing of the subjett usually proceeds. This partic-
.. ular clas®ification is due to Alfred Renyi and is discussed in mare
: ‘etaﬂ in his article, "Remarks on the Teaching or Probability,™ in
' The Teach1ng of Probability and Stat1st1cs, edited by Lennart Rdde.

[

The levels are: . .
1. Experiments ana observation of statistical regularities in games
of chance, nature, sports, etc. " . .

The formulation of a mathematical system in which these exper1-
A ments and observations cap be usefully discussed. ~

3. The use of this mathematical system in description and” predic-

tion for problems igpvolving random phenomena.

4. Axiomatic formulatiof of probability theory.

Level 1 is the most appropriate for the elementary school. Topics ,
from levels 2 and 3 may be discussed in secondary échooI, and a sys-
tematic study of the subject is a part of college mathematicé. Some
familiarity with levels 2 and 3 is desirable for an elementary teach-
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Early work 1in probabi]ity with elémeﬁtary school children should
focus on the no;ions'of certainty and uncertainty. In the primary
gradés, where the ideas éye first presented, children should be led

THE BALL IS
CERTAIN
To FALL
WHEN RELEASED!

[
e

to distinguish between knowing something,:'for sure," i.e., with cer-
‘tainty, and knowing”that something js'"probably true," i.e., without
certainty. With the usual meanihgs~6%'the-wdrds,.a ping-pong ball

; while a piece of wood will probably .

will float on water "for gure,”

float. (It may not if it is very dense or if waterlogged.) It 1s
easy for children and adults to confuse a correct guess with knowl- ‘
~-edge, and many examples of certain and uncertain events should be
discussed, It should be recognized that very young children, those
\and~1, are frequently unaccustomed to dealing with sit-

‘uations in which more than one outcomekis bossible. They tend to

avoid responses which admit alternatives, e.g., "It might be red or
ér;en," and usually exhibit -a definite preference for unambiguous
assertions, ”f%% ﬂ;L'Be red." It may take several tries at drawing

a white ball from‘giggg\containing red and white balls to convince

a child that it is ihbossib]e to predict in.advance which color ball

will be drawn. If a child draws a white bg%;doh the,fifst try, he

may conclude that he will draw a white ball &very time,even if he

knows there are bails of both colors in the bag. »0n, the other hand,

if a child draws a white ball on the first draw, he may conclude that

he is certain to draw a red ball on the next draw since there are '
balls of both colors in the bag. These fundamental 1deas'deve]op
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slowly over a period of time and ‘are best taughtmthrough concrete

‘xamp] es.

¢ Many probability eXper1ments 1nvo]ve tal1y1ng, counting, and
graphing data. At first, simply developing methods to keep track of
information may be the pr1mary objective. As the children become
more adept, the emphasis may be shifted to displaying the information
in an attractive and useful form.

The” basic concepts of experiment, trial, “out-

come, outcome set (or sample space), and frequency
should be introduced and de&eloped in game situa-

“tions. Games uaing spinners with backgrounds of
equal or unequal sectors, colored balls in bags, or
dice are readily available or easily Eonstructed. '
The notion of equally likely outcomes can be intro-
,duced naturally through the use of dice, spinners

with equal sectors on the background, or a bag w1th

equal numbers of balls of two different colors.
These ideas should be reinforced by applicatjon to

‘a large number of situations drawn from the experience of the chil-
dren. ' o .

In the intermediate grades (4 through 6) the notions of certain-
ty and uncertaintylﬁhould be reviewed, extended, and quant1f1ed The
concept of probability can be connected,with fractions in the inter-
_val from 0 to 1. Experiments in which the outcome is certain, e.g.,
drawing a green ball from a bag containing only green ba]]s, and un-
certain, e.g., drawing a green ball from a bag containing both green
and yellow balls, should be continued. The degree of uncertainty can
be quantified through the notion of the relative frequency of a
specific outcome: ’

number of times that outcome occurs
. total number of trials

This idea can be explored through a variety of situations, e.g., bags
of balls with various color compositions, spinners with background
sectors. of various sizes, and attribute cards. Children should Tearn .
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that the physical characteristics of the apparatus are reflected in
the sizes of the‘relat19e frequencies of the various outcomes. The
ability to rgcognize this connection and to use it effectivé1y is a
significant goal. -

More complicated experiments can be analyzed with the aid of
tree diagrams. Multistage experiments; e.g., tossing two cains or

‘ ‘
.

tossing a coin and rolling a die, have more complicated outcone sets.

As the situations become more complex, the need for symbols and
terminology becomes more apparent. However. it is the ideas and not
thé vocabulary and symbolism which are of first 1mportance

By the fifth and sixthpgrades-Students'haVe,the computat%onal»
capability to carry out afithmét1c operations with probabilities; 1q

A}

particular, they can add and multiply fractions. The association
between fractions in the interval O to 1 and probabilities can bef
pursued further. The fact that the assignment of probabilities is
the assignment of numbers to outcomes or to elements of the sample
space can be made more eXp11c1t{ In particular, the proqu1]1ty tha

¢

none of the elements of the outcome space occurs is 0, the probabil-"

ity that one of the e]ements of the outcome space occurs is 1, and
an outcome with probab111ty §~1s "more 11ke1y” to occur than an out-
come with probab1]1ty é . : : § o

In summary,, the study of probab111ty provides a quant1tat1ve
description of a very familiar facet of the student's experience--
namely, uncertainty. Also, it provides a connection hetween several
other strands of school mathematics: sets, graphs, rationa)l numbers
and .rational number operations. The study of probab111ty'1s most
fruitful for children when carried out in a real-world setting.
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Section |
'BASIC PROBABILITY
AND ITS'ROLE IN THE |
‘ELEMENTARYgCHOOL

Life inside and 6utsfde of the cﬁassroomf1$ full of games, experi-
ments, and other actiwities in whféh‘the outcome 1s uncertain. The
use of probability as a means of describing this uncertainty {$ the
primary concern of this section. '

Activity 1 1nc1udes several experiments which provide mot1vati
for the basic concepts which are developed in Activities 2 through 6.
Activities 7 and 8 are primarily of a.pedagogical nature and are con-
cerned with the development of probabilistic thinking in children,
particularly through games. In Activity 9 we return to the use of
probability models to describe real-world phenomena, and we introduce
the important idea of simulation as a modeling device. The final ac-
tivity, Activity 10, is a seminar which reviews the saction from the

_ point of view of teaching probability in the elementary school.

DN

1. Discuss in your own words the statement, "The concept of proba-
bility gives a quantitative meaning to the idea of uncertainty,”

MAJOR QUESTIONS

What are the advantages and disadvantages of using on1y game
rations to deve]op the basic ideas of probability?
Cam

i .
Cahment on the following statement, "The notions of possibility
and impossibility are 'pre-probability' concepts."
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To what extent is _precise termmo]ogy a matter of importance in’

the study of probab111ty7 Is the possibility of m1sunderstand-
1ng greater here than in other mathematical. top1cs? ' ‘

To what extent do e]ementary school children need thé not1on of R
sqmp]e-space (not necessar‘ﬂy (_exp11c1t]y) before they can under*-_; v
stand the concept of pro_ba‘bﬂ]'v'ty?. '

B
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ACTIVITY

‘EXPERIMENTS

“FOCUS:

.
This activity is designed to prov1de experiences’ in actually carrying
out experiments involving uncertainty. The major emphasis here is on
providing motivation for the basic concepts of probab111ty and on or1'
ganizing and record1ng data. ~.The data obtained fh these experiments

3

~

will be used in-later act1v1ties

MATERIALS:

+
n

Several circular cylinders with d1fferent cross section-to-

' Jength ratios, for example, a sect1on of the cardboard center of -
a paper towe] roll, the center of a ce]]ophane tape ro11, sev- '
eral p1eces cut from wooden dowe]s etc .

A bag of 25 chips of four different colors (red "white, blue,

green).

A spinner which has three equal coTored sectors (blue, green, .
red). N ' L ' -

A fair coin.

DIRECTIONS:

PART 1

'

Perform each of the three exper1ments described below. It is usefu]
" for three or four students to work together on each experiment and
‘divide the effort. If this procedure is-adopted, then each experi-

ment should be replicated twice in order to have more data for Part

IT. Record the results of the experiments in the tables or diagrams
provided. These results will be used in the. class discussion which
concludes this activity and also in later activities.

a




A. A Cylinder Exggnjment

1. Mark (with paint, marker or cplof‘ed p‘enci']",) the faces of the‘
cylinders as illustrated below{. The purpbse_of'the marking
is to enable you to tell one end ofAthe cy1inder_from the
other. A trial of the experiment consists of flipping the
cylinder and recording how itllénds.. Perform- several pre-

<=y liminary flips to determine the best technique for obtaining
random landing positions. - Odce a f1ipping technique has
been selected, use the same technique throughout the experi-
ment.

Red End

Curveds Surface

Blue End A

2. In this case an experiment consists of 30 trials. Sélect a
cy]indér, perform an experiment, and recoyd the results in
Table 1. Select a cylinder witha different diameter-to-
height ratio, perform an experiment, and record the results -
in Table 1. : -

‘Table 1

L

Outcome , Number of Times Qutcome Occurs in 30 Trials

Curved Surface

i

First
Cylinder

Red End ' . ‘ ~

Blue End

Cucved Suvface

Red Elg 1. . 3

Blue En

o
<
o
(%]
1]

w

Cylinder

[ ‘ °

(Hint: In recording the data, use a tallying system to.help
_you keep track of the results.) '

s 1 B .
« P )
'
. .
. . .
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An Experiment with Chips )

Which outcome occurred most’frequenfly for the first cylin-

der? For the second?

would the same outcomes occur most frequently again?

If the experiments were repeated,

What differences do you. see in the dafa for the,fwo cylin-

' .

ders?  What differences would you expect.in the data for two
cylinders with the same diameter but with different heights? .

..

Do not examine the contents of

with the

W

*

1. The bag contains 25 chips.
the bag or otherwise attempt to determine the distribution
of colors among the ch1ps A trial consists of shaking the
bag, selecting a chip (w1thoug looking), recording its
color, and replacing the chip in the bag. .

Z. In this case an experiment consists of 25 trials. Perform
an expgrimqnt and record the results .in Table 2.

: Table 2
Outcome: <o ' ‘ . o

E(Color) Number of T1mesf0utcome_0ccurs in 35 Trials

3. Using the fact that there are 25 chips in the bag, provide
éstimates on the following quantities based on the evidence
obtained .in your experiment.
The percent of red chips‘in-the bag. . ,
The percent of white chips in the bag.

4. Do you think your est1mates in 3) would be the same if you

.performed another experiment and comb1ned the new results

old results? Why? (In the class discussion which
follows, this questidn will be considered in more detail
and the actual composition df the bag will be, examined. )

|
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C. A Spinner and Coin Expgf1ment

Y . 1. This exper1ment utilizes a spinner with three equal sectors .
: and a fair coin A trial con51sts of spinning the sp1nner J
and tossing the coin, and then record1ng the results..

2. Decide how to record the results of each-trial. . Remember a
result consists of a color (where the pointer on the spinner
ends) and either "heads" or “tails" depending on how the

5 S .

- coin lahds.
0 }
3. An experiment consists of 24-trials. Perform an experiment

and record your results in Table 3.

Table3d .

OQutcome Number of T1me$ Qutcome Occurs in 24 Trials

.t

- . g 2 .
- * -
4
t . \ ‘

4. ‘Use the results to estimate the number of blue-tails out-
comes in an experiment consisting of 100 trials.

5. Suppbse,that you had to estimate the proportion of blue-
tails outcomes whjch-ygﬁlQ_oCcur without performing any ex-
periments. What estimate would you give and why? (Hint:
Use the symmetry qf the spinner and coin to obtain a theo-
retical estimate.) Does the relation between your experi-

"mental and theoretica]uresults seem regsonab]e?

PART II
As a class, discuss the results of the experiments. The following
topics can serve as a guide for the discussion.

B .
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A.

A Cylinder Expériment .

R

1. Did the same outcome occur most frequently in.every repeti-
tion of the experiment using the sameAcylinder? What about
experiments using different cylinders? °

2. Compare the geometry of the cylinder used in an experiment
with the results. Suggest a relation (as precise as you .-
can) between the geometry of the cylinder and the'frequéhcy
of the three outcomes. Does this correspond to your intui-
tion? o

o

1,2

1,2,3

Cumulative Percent of Red Chips Drawn

L

o/
21

»

32

8.
' Each group has constructed a Table 2. Combine the results Qf
"these tables in'the following manner.
’ i. Identify the experiments performed by the different groups
by assigning each group a number:" 1, 2, ..., etc.
ERK :
ti. Graph the percent of red chips obtained by group 1 on the
| graph below.:

‘ {ii. Combine the results obtained by groups 1 and 2 and find
the percent of red chips in the combined experiment. Plot
this information on the graph below. :

‘fv. Continue this process until the results of the experiments
'.performed by all groups have been combined and graphed.
v
a ’
= 100% 4+
[S)
.U L sad
@
L B
S 503 4~ .
+~)
| =
m ——
(8] : ]
|
[V} . . »
o 1 i 1 t 1 4
w I~ 1 ' i T T
X " group groups groups




C.

Percent of

!\,'
v,

Using the sdmmary of the.experiments- prov{ded by the graph on 7
the preceding page, discuss the following questwns PR ‘

A L]

Is there, a'trend in the value of the percent of red chips-as
the, results of more and more experiments are Tumped te-
gether? . '

If you had to esti&ate the percent of red chips in the bag
now, what estimate would you give? How many red ch1ps do
you predict are in the bag? ‘ ¢

Open the bag and determine thq number of red chips exactly.
How does the estimate you made in the preceding question
compare with the actual number?

It

A Spinner and Coin Experiment

Combine the resylts of Experiment C for all the groups and com-

plete a graph as in the chips experiment. What is qz.appro-

priate vertical scale for the graph?

b}ue~tai]s outcomes

—
= S

1 1 1 L 1 1
1 T 1 —
_ group groups groups

1 1,2 1,2,3 _

Cumulative Percent of Blue-Tails Outcomes

the graph to discuss the following questions.

Is there a trend in the proportion of blue-tails outcomes as
more and more experiments are lumped together?

If you had to estimate the proportion of blue-tails outcomes
which would occur in 1000 repetitions of "the experiment,
what estimate would you give? - ‘ . .

'
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3. How does the est%ngte you made earlier using the symmetry of
‘ the spinner and coin compare with the estimate determined in

y

" the preceding question?

General Questio _

If you wanted g:tZStimaﬁb the chance of a particular basketball play-
er making a free throw on his next trip to the foul 1ine, what data-
would be most Useful to you? In view of your experiences in this ac-
tivity, what cautions would you need to observe in making an estimate
from the data?

TEACHER TEASER o .

Many teachers feel that since a student
1s 1ikely to answer some ques%ions on a
true -false quiz correctly just by guess-
“ing, the score on such a quiz should be
"obtained by subtracting some fraction
of the number of wrong answers from the

number of 'right answers. What is the
"best" fraction?

That is, if R is the number of right
answers, W 1s the number of wrong answers, p 1is some number
‘between O and 1, and S is the score to pe recorded, then

=R-(p_xw). . . ,
" What 1s the best choice of p? ‘




ACTIVITY 2 : .
SAMPLE SPACES AND EVENTS - ° - ’

.

FOCUS : " -

Ss ' _
The concepts of sample space and event are fundamental to a quantita-
tive discussion of the notion of chance. In this activity these con-
cepts are defined and related to the experiments of Activity 1.

DISCUSSION: o o

v

The sample space associated with an experiment s
the set of all possible outcomes of the experiment.

EXAMPLES ’

-

In the experiment consisting of rolling a single ordinary die '
and noting the number of dots on the face which lands uppermost, '
the ouécomés may be identified with the integers 1 through 6.
Therefore, the sample space may be defined as the set {1, 2, 3,

4, s, 6}.

The sample space for the experiment.of tossing a coin may be de-
fined as {H, T} where H denotes the outcome "heads" and T de-
notes the outcome "tails." ‘

In the experiment of rolling a die and tossing a cofn, each out-
come consists -of an fnteger between 1 and 6 (inélusive) which
gives the number of dots on the uppermost face of the die, and a
letter.H or T which identifies the side of the coin which lands
up. Therefore, the set of outcomes, the sample®space, may be
defined by {1H, 2H, 3H, 4H, SH, 6H, 1T, 2T, 3T, 4T, 5T, 6T}.

It may happen that we are more interested in the set of those out-
comes with some particular characteristic than in the set of all out-‘ v

24
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comes. For example, suppose the result of rolling a die was an even

number of dots on the uppermost face. What outcomes could have if
occurred? The subset of the sample space satisfying the condition is
the set {2, 4, 6}, and this is referred to as th& event of an even ,

number of dots on tne uppermost face of the die.

S

In an experiment, an event E is a subset of the sam-
ple space of the experiment. An event E is said to
occur if the outcome of an experiment correSponds to

one of the elements of E.

' EXAMPLES

'y

A first-grade class consists of six- and seven-year- -old boys and .

girls. An experiment consists of selecting a child at random '

and noting the age and- sex.

The sample space-flay be defined by

(6B, 6G, 7B, 7G}.

The event of selecting a boy occurs if the

child selected is in the set {68, 7B}.

The event of selecting

. six-year-old occurs {f the child ‘selected is in the set
o {68, 6G}."

The experiment of spinning the spinner shown at .
the right two times and noting the outcomes (in
order) has the sample space

T, (1L,2), (13, (20), 0
. (2!2)‘s (2;3 ’ 3,1). (3.2)| (3|3)}-

The event "at least one 2" occurs if the outcome is one of the
elements of the set

{(12),

The event "éxactly one 2"~occurs if the outcome is one of the

(2 1), (2, 2 , (2,3) 3 2)}.

-~

elements of

{(1,2), (2,1), (2,3), (3,2)}

.28
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DIRECTIONS:

Read the Discussion above. As a.class, work and discuss the exér-‘ .
cises which follow.

A

1. Specify a sample space for each of the fo]]owing (one-trial) ex-

periments:

a) A basketball 1is thrown at a goal. o ' )

b) The.]ast digit on the license plate of a passing car is

noted.
c) Acard is selected randomly from a bridge deck.
d) A student is selected randomly from your class.

e) The spinner shown below is spun three times.

Blue

-

In the experiment described in 1b), deternine the events:

a) The digit is less than 5.

b) The digit is even.

c) The digit is not 7.

In the experiment described in 1c), determine the events:
a) The card selected is a black queen.

b) .The card selected is a queen.

c) The card selected is black.

In the experiment described in le), determine the events: .

a) The first spin lands on blue.




5.

.b)

A cylinder experiment similar to that of Activity 1, Part I. A.
(pp. 18-19) consists of three trials. Determine the sample
space of this experiment. *

For the experiment described in exercise 5, describe in words

The

first two spins land on blue.

‘ * ¢) No spin lands on blue.

Complete the following exercises as a homework assignment.

.any two events. Define the event using set notation. . Be sure

that each event is a subset. The subset may be the empty set or

it may be the entire sample space. ‘

An experiment consists of rolling a red die and a green die
simu]taneous]y and noting .the number of dots on the uppermost

face of each.

a)

ments are there in your sample space?

E]

.Specify a sample space for the experiment. How many ele-

“~

Express each of the following events as a subset of the sample

space; i.e., 1ist the outcomes in each event.

b) The
c) A6
d) The
e) The
f) The
g) The
13.
OPTTIONAL:

same number appears on the face of each die.
appears on the face of the green die.

number on the red die is a multiple of 3.

L N

sum of the numbers of dots on the two dice 1s 7

sum of the numbers of dots on the two dice is 1.

sum of thé-numbers of dots on the two dice is less than

Sefect a mathematics text gom grade. 6, 7, on 8.

Descadbe one activity in the text which involves the concepts of
sample space and event. (Note: The wonds "sample space and
"event" may not be used even Lf the concepts are ntroduced.)

27
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ACTIVITY 3 ,
ASSIGNING PROBABILITIES

FOCUS:

After the set of possible outcomes is determined, the next Question
s, "How does one evaluate the 1ikelihood that a specific outcome

will occur?" This is the questiepﬁnifhe' e assigns probabilities
to outcomes, and it is the topic of this actlyity. An appropriate

ass1dnment of probabilities\is crucial to the usefulness of probabil-

ity as an aid to decision-making.

MATERIALS:
Two ordinary dice; a bridgé deck; the results of Activity 1.

&

DISCUSSION:

¢

Although in some‘situations you may be ,prov1ded with the probabthy"

of an outcome (e.g., the weather -service gives the chance of rain
tomorrow as 60%), at some point each probability must be determined.
We will discuss two fundamentally different methods of accomplishing
this. One method is based on actual experiments, and the other is
based on logical argument.

The probability of an outcome is a number associated with that
outcome. If A denotes an outcome then Pr[A] will denote the proba-
b111fy of that outcome. i

If A is certain Yo occur, that 1s,1f A occurs every t1me the
experiment is performed, then Pr[A] =

If A never occurs, then Pr[A] =

If all cases Pr{A] is a number between 0 and 1, inclusive.

The sum of the prd%ab11it1es of all of the’ outcomes of an exper-
iment is 1. That is, {if therpgre m outcomes, say A;, A,, ...
Am’ exactly one of which must oc

Pr[Al] + Pr[Az] .

28
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 The two methods by which Pr[A] can be determined for-an outcome A
‘wﬂl be referred to as the method of symmetry and the methodrof
relative frequenc1es ) ' -

\

Method of_gwnnetry or'Equal Likel ihood

<

If one opens a new game and finds an ord1nary six-sided die, then the
norma1 aSSUmption s .that the die is fair. This assumption 1s based ”\_k,
on a superficial examination of the die--all faces appear to be ap-
proximately the same (other than the number of dots), and oanrevious
‘experiences with dice (except in very unusual sftuations, no one side
of a die seems to be favored). Thus, given a new die, one assumes
that it is fair, or equivalently, one assumes that when it is rolled
each:side wi1l land uppermost about the same fraction of the time. .

" Since there are six i}les,‘tbis means that we expect a 1 about %-of
the time, a 2 about £ of the time, etc. We express this by making a
formal assumption that the probability of the outcome 1 is 33 the
probab1]1ty of the outcome 2 is 33 etc. In the case of a fair die
the set of outcomes’; the sample space, is

_‘II' - . s={1,2,3,4,5,6)

and the ass1gnment of probab1]1t1es bq\fd on symmetry 15 _
Pr[l] = 3‘, PF[ZJ = *6-, Pr(3] = '6‘, Pr(4] = —6‘, Pr(s] = 6' Pr[6] 2 -—

This assignment of probabilities can be expressed more concisely as
Pr(A)/= -for each outcome A in S. Notice that for each outcome A, -
0 f_Pr[A]‘g 1 and Pr(1] + Pr[2] + Pr(3] + Pr(4] + Pr[5] + Pr(6] =

%-* %-+ %-+ é-+ %-+'%-= 1. The term symmetry is used-here because

the basic assumption regarding equally likely outcomes fs frequently

based upon the symmetry of a physical apparatus, situation, or exper—
iment. It follows that you should be less willing to use this method
with a coin which s badly abraded on one side than with‘; new coin.
Another example of the use of the method of symmetry is that of
- flipping a quarter selected randomly from the change in your pocket.
The faces of the gyartes appear to be approximately the same and
conseg§ent we assume that when the coin is f1ipped each face is
2 y
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‘and not illusory.

‘this is the following.

e

I3

equally likely to Jand up. The sample space'for fhe outcome of the
exper1menE/9f’f11pping the quarter is {H T}, and the ass1gnment of
prebabilities based on symmetry is Pr[H] = ?3 Pr[T] =

of course, if- exper1ence‘1nd1cates ‘that the ass1gnment of proba-

: b111t1es based on symmetry does not’ yield results cons1stent with

observat1ons, then the baS1c a$sumpt1on of equa]]y likely outcomes
must be re-éxamined.

Finally, it is i?portant to be sure that the symmetry is ébtua]
- The

ere are some situatjons which appear to be
symmetric, but which are not. A faifly straightforward exampTé of

- -

. Suppose that there are three pai ‘of ordinary bridge cards turned

face down in front of you. You know that one pair consists of two

black cards, one pa1r consists of two red cards, and one pair con-
sists of ong black card and one “ved card. You select one card at
random and turn it face up. It is’ black. What' is the probability
that the-remaining card of that pair is black?

e,

At first glance you might be inclinéd to argu€ using symmetry as

follows: Since the card is black we know that it came from either
the black-black pair or thé black-red pair. Since it could just as
well have cope from either pair.(the choice at random) the two are
equa]]y 1ikely and consequently the probabjity that the remainirg

- card in the pair is black is %x This supeyfi¢ial argument is fgﬁse,

<

and the error will be pointed out in Activity'16. (Incidentally, the

probability that the remaining card in the pair is black is %—.)

v : .41 30, ‘ o
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Method of Relative Frequency

. The cyli’nder tossing experiment of Activi'ty 1 is an example of an ex-
a periment in wh1ch there is no easy method using reason1ng alone to
ass1gn probab111t1es to the three outcomes :

- . a

- : red v blue

Depending upon the physical ?eatures of.the'cylinde , it may be pos-
sible to use symmetry to argue that Pr[A] Hd&evér, no sym-
metry argument can be used to determine Pr[B f na situdtion of n
-this sort it 1s.conven]ent to use the relative T¥e uency of the
occurrence of outcome .B as an estimate for Pr(B]. That is, toss the

cy]indeﬁxseveral times and use the relative freguencies

" number of times red 1$nds up
‘ -, tota] number -of tosses
- _ number of times blue 1ands up

“total number of. tosses

number of times cylinder. lands on its side
total number of tosses.

- as estimates of (or approx1mat1qns to) Pr[A], Pr[C], and Pr[B] re-
spectively. The larger the number of tosses the more likely that the
resulting est1mates of the probab111t1es are good ‘ones; recall .the-
graph constructed in Activity 1 for Exper1ment A. The number. of

. repetitions needed depends upon “the accuracy desired of the estimates
and the desired degree'of certainty that this accuracy is achieved."

' More advanced mathematics- can be used to determine the number of
repetitions needed. '
The probability of an eVent is a number associated with thgt
event. Once a brobability has been assigned to each outcome ‘in a
sample space, then we can define the probability of any event as
"follows: , ' ‘
31
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is a set of outcomes )

i

_:

The probab‘lth of an event E is the sum of the proba- . ’
b111t1es of all outcomes in that event. ‘

(Remember that an event is a subset of the sample space and therefore
2

For examp]e the event of se]ect1ng a queen’ from a br1dge deck
is the set {#Q, ¥Q, ¢Q, &Q} If we use the method of symmietry
and assign the probab111ty 52 to the outcome of drawing any §bec1f1c
card on a random draw, then the probab111ty of se]ect1ng a queen is

Pr[401+Pr[vo]+Prno] +Pr[.1.Q] 31‘*5—;3?*‘5?%?'

DIRECTIONS:

B

After reading through the Discussion’ (eiﬁhir individually or as a
class) work the fo]]ow1ng prob]ems

1. Use the relative frequencies computed by the class in Activity 1
to assign probabilities to the following outcomes.

a) A specific cylindef lands on its side.

b) The chip drawn from the bag is red. (Remember, use the fre- '
quencies, not your knowledge of what is in the bag.)

" ¢) The sp1nner points to blue and the coin lands w1th tails up.

2. If we shuff]e a bridge deck ‘and draw one card at random what is

the probability of draw1ng ’

a) a spade? ) ‘ ‘ ’ , .
b) a six? |

¢) the six of spades?

3. If we roll two dice and note the numbers on the uppermost faces,
what is the probability that ,

a) °‘they are both 6?

b) the sum {s 12? ‘
¢) the sum is 7? ‘ ‘ o ‘




\ .

It is a consequence of the properties of“prebabilities-of out-

comes: (p. 28) that each event has a probability between 0 and 1.

What is the significance of an event E with Pr[El = 0? with |
Pr(E] = , ' , e, o

LY

Use the method of symmetry to o,
a) Compute the probab111ty of each of the events descr1bed in

f

exercise 3 of Activity 2, p. 26 .

b) Compute the probab111ty of each of the events described in
homework exercise 7 of Activity 2, p. 27.
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TEACHER TEASER
A geoboafd can be used to help you
solve the following problem:

You and a friend agree to meet at a
bookstore during.your Tunch hours.

You know that each of you has about a

‘ten-minute walk from his or her
office to the bookstore and that each

will take about thirty minutes to eat -

lunch, so that each of you will spend

only about ten minutes at the book -
store. Assume that you are willing to take the time to eat in
two intervals if necessary. If-you don't know for'sure when
your friend‘plans to go to the bookstore, what time is the best
for you to go and what is the prebability that ybu will meet?

You may want to simplify the problem by assumﬁng'that both you
and your friend leave yourqoffices only on the hour or 10, 20,
or 30 minutes after the four.

Hint: Think of the geobdard as being set up as fdl]ows, and
identify the region on the geoboard that corresponds to a
meeting. :

“

12:30
12:20
12:10
12:00 e o’

12:00 12:10 12:20 12:30

You




3E.
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ACTIVITY. 4 .

'coumms 1 B ' .

£OCUS : ' | S i

In assigning probabilities us1ng the symmetry méthod one usually has
to determine the total number of possible outcomes of an experiment..
The counting techniques introduced in Activities 4 ‘and 5 will help
you in this determipatiop. In addition, the prob]ems'studiéd.Jn
these act1v1t1es--knowh)as combinatorial prob]ems¥4are of independent
interest and arise in many different contexts. The methods intro- ‘

.duced in these act1vit1es will be used in cdmpqting probabilities in

Activity 6.

LR - . -

Setting the Stage s . \\

n

In 1975 General Molors manufactured approximately five million auto-

I

mobiles. Each of these cars was equipped with the same type'of lock,

ut _of course they are not all Kgyed alike. ' Are there enough differ-
ent arrangements of the tumblers in the,locks to have a different key
for each car? This question is answered later in the activity.

a

.

Note: The tumblers in an ordinary lock are small metal cylinders .
whose height is adjusted by the depth of gotches cut into the key.
If the correct key is inserted into the 1dck, the tops of the tum-
11ipdet

be turned and

blers areva11gned in such a way that the
the lock opened.

'
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DIRECTIONS:

Read the examples and answer those questions designated by your in- ‘
structor. '

v

EXAMPLE 1

In Experiment C of Activity 1 there were six possible outcomes. The
set of possible outcomes of each trial is illustrated by the tree
diagram shown below. lhembeg1nn1ng‘of the experiment is indicated
by the start” box. The outcomes for the coin toss are indicated by
the "heads" and "tails" boxes and the outcomes of the'sb1n of -the
pointer are "red," "green;" and "blue." The: six outcomes are Tisted
to the right of the diagram.

heads-red

heads heads-blue

heads-green

tails-red ‘ ‘

tails-blue

start

ta115

tails-green

For each'of the two ways the coin can land), there are three colors on
which the pointer of the spinner can stop. Therefore, there are 2-3

gf 6 possible outcomes for each trial of the experiment. (Note that

there are 6 jtems listed in the final column of th% tree diagram.)

The process of constructing a diagram in this manner may be helpful

in answering the questions below. : .

Questions '

1. Suppose that a college dormitory keeps records by sex and year
in school (F, S, J, Sr, Grad). How many classifications are
needéd?




2. A class is to make a weather chart on which each day is to be
classified with respect to precipitation--none, rain, and snow--
and temperature--hot, warm, cool, and cold. How many class1f1-
cations are needed? (Suppose that there is an agreement which
distinguishes between hot, warm, cool and cold days, and days
with various sorts of precipitation. For example, we might '
‘adopt the convention of recording the temperature at a fixed
time and assigning hot, warm, etc. on that basis A similar
convention can be adopted for precipitation.) ,

3. A school basketball team has its cﬁoice of red, blue or green
T-shirts with white or yellow numbers or white or yellow T-
shirts with blue or green numbers. From how many alternatives
must a choice be made?

©

You will find tree diagrams very useful in Qorking the problems which
follow Example 2. Many prob]ems which appear qu1te complex when
stated in words are shown to be much simpler when a tree diagram is
constructed.

EXAMPLE 2

‘Unprepared students sometimes answer questions on true- -false or '
mu1t1p1e-ch01ce examinat ions by guessing. If a student answers five
true-false questions by guessing, in how many ways can he fi11 in the
answers? (If you see how to answer this questjon, go on to question
4.) : X r

Before ansWer1ng this question, we consider a simpler one. Sup-
pose two questions are answered by guessing. Possible responses can
be diagrammed as follows. ’ .

Response to, Response to Possible responses
first question second question to two questions
true T-T
true
false T-F
start
true. I F-T
false i
false : F-F
37 .
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For each of the two possible responses to the first question there
are two responses to the second question, and consequently there are S
2.2 or 4 ways of reéponding to the two-question true-false quiz. '
This result can be used to determine the number of possible re-
sponses to a three-question quiz. Indeed, to each possible sequence
~ of responses to the first two questions, there are two possible re-
sponses to the third question. Therefore,vthere are 4:2 or B posst-
ble ways of completing the three-question quiz. They are

« TTT TFT FTIT FFT s

. TTF TFF FTF FFF
. .
It may béﬂhe]pfu] to construct-a tree diagram similar to the one
on page 37 in this case.
In how many ways can a five-question true-false quiz be com-

pleted?
Questions

4. Suppose that a multiple choice quiz‘is given with five possible
‘responses to each item. -How many different answer sheets can ‘
there be for a two-item quiz? For a five-item quiz?

5. In education, as in most other fields, pompous jargon is some-
times used to conceal a lack of understanding of the 1sSuéS. In
fact, one sometimes has the feeling that phrases are coined in-
dependently of the matter being discussed. One such, method for
creating pompous phrases is to chooge any word from the first
column below. any word from the second column, and any word from

the third.
homogeneous curricular resources’ *
unstructured instructional activities
individualized conceptual \ approach
evolutionary developmental laboratory .
accelerated societal philosophy .
spiraling sequentia] . program

solidly-based cognitive
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For example, an overly enthusiastic textbook writer could assert

that his "individualized developmental approach to 1earh1ng nd

his use of homogeneous instructional activities provide

student with a so]1d1y¥basedocurr1cu1ar program."

How many three—wordwphrases can be created in this way?

Why are area codes needed for phone numbers in the U.S.A.?
Could” the telephone industry get by with two-digit area codes
today? (Hint: How many different sequences of seven digits are u:§4i
available for use as phone numbers? On the other hand, the pop-
P]ation of the U.S.A. is over 200 million, and there are over
100 mi11ion telephones in use.)

Summarize the general counting method that you have used to
solve the problems in this activity.

Find two additional problems of the type appearing in questions «
1 through 6 which might arise in the elementary school. o

We conciude thts activity by examining the question posed in "Setting
' he Stage." Keys for 1973 General Motors cars were designed with six
notch positions and six depths of notch at each position. How many
different keys could be made?
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¥ Two ldentical Cars Land Mechanics in Jail*

There were two identical cars parked in the same block, two segs‘
of ignition keys fitting both vehicles, and a request to také one of
the cars to a service station for repairs. It all added up to two |
confused mechanics in Tulsa, Oklahoma, being ja11éd mistakenly for
auto theft.

David Johnson, 26 and Larry
Cowhef, 25, answered a call
shortly after midnight to repair
a flat on a 1966 white Ford
Mustang parked downtown.

They met the owner at a bar
and he gave them the keys. When
they returned to the bar after fix-
ing the flat, the owner asked thgm
to try to start his car which he’

"

had been unable to do. ,
While Johnson and Cowher were receiving ‘those 1hstruct1ons. how-.: ’
ever, someone else drove up in an identical white 1966 Mustang and
parked in the same block. The mechanics returned to the scene, but
got 1pto the wrong car. The keys fit the ignition, however, and when
the vehicle started without any trouble they decided to give it a
test drive before reporting back to their customer.

,..ummllllll in 1||'|' '
ul"'

l)" /.

i

...ullmuumu’nu»| i

omulum-l l’@

* "Two Identica] Cars Land Mechanics in Jail," Daily Hera]d Telephone

(Bloomington, Indiana), November 6, 1975, p. 14. .

.




] The owner of the second car, returning at that momedf, saw them
drive away and‘called police, who stopped the vehicle a few blocks
way. Johnson and Cowher swore the owner had given them the keys to
the car. The owner claimed he had the only keys and had never seén
‘the mechanics. |
Police Capt. Ralph Duncan tried to resolve the conflicting
stories byRsending a patrol car to the scene of the "crime," where
they discovered the unhappy customer and his still disabled car. The
owner of the first car verified the mechanics' story and Johnson and
Cowher were released frbmyjail about 4 a.m. .
"1 guess those keys fit both cars," Duncan said, "It's just one
of those one-in-a-million deals tha% I seem-to Qet every night or

so." B r

o 41




ACTIVITY & : . . ' '
COUNTING I1 , ' ‘ _ . ,’ ‘
i \

_ FOCUS :

The topic of Activity 4 is continued, and other types of counting
prob]ems aré considered. ' : :

DIRECTIONS:

Read the examp]es and answer those questions designated by your in-
structor.

EXAMPLE 1

Three children wanted to place their drawings 1in a row on the bulle-
tin board. The pictures were of a tree, a man and a house:

§]>‘

To be fair, the children decided to change the order of the drawings
each day and to leave the drawings up until each arrangement'had been
used. The children sketched the possible arrangements as follows:




(} Ty

The ch11drenvconcTuded that phéy'must leave their display-up for six
days. After the drawings had been disp1ayed'for'the'51x days, one-

‘chﬂd invented a way to determine_the number of arrangements without

' having to'actua11y sketch them.” She reasoned: "Any of the three

drqwings:can be p]aced at the 1éft end of the rpw. After the first
drawing has been selected, eijther of the.two remaining drawings can
be p1§ced next. The remaiq;nq;drawing must be put last at the end of
the row. There are 3-2-1 or 6 possible arrangements of the draw-
ings."

e

- Questions.

1. @nstruct,a tree diagram for the situation described above.

»
~

2. How many drrangements would have been possible in the sjtuétﬂOn

o ) described jabove if there had been four drawings instead of
three? . '
3. Anagrams are words which use exactly the same letters but in

different orders. For example, plates, staple, petals, pastel
and p]egks are “anagrams. , 1 s

‘ a) There are two possible arrangements of the word NO:

KN

, No ON : . .
There are six possible arrangements of the word EAR:
AER  (an alternate spelling of the word air) {
ARE
EAR
¢ ERA

RAE  (a deer) ‘
REA  (Railway Express Agenc or Rural Electrification Ad-
minis4ration) . )
i wef . .
Note that the six possibilitie$ can be 1isted systematically
by writing the words in alphabetical order. What are the
possible arrangements of the letters in the "word" ATP
' j> (adenosine triphosphate)? Don't forget TPA (Traveler's’

‘ Protective Association). . o
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. b) How many possible érrengements are there of .the four~Tetteks‘”ﬁ
NOPE? (Try~to‘figure out how mahy there are withgqt.ac;ual- o
’ ly writing out all the possible arfrangen!ents.',}t is not '

necessary?for the "word" to have a meaning--appear~in a’ , \ﬁi
d1ct1onary—-for the arrangement to be a 1eg1t1mate one. )

s 4. IP @ nectarine, an orange, *a pear and an eggplant are p]aced in .
o .' a row, how mapykagfgngements of the items arée there?
5. a) ‘Would it be possible for the manager of a baseba]i’team
) v(nine'persons) to try out each of the possible batting =~ = /J
" orders in brder to determine the best one? - (How mdny;pat- ‘
' ting orders are possible? Usé a hand calculator or use ’ _;

;ounding as you.multiply.) .

b) If the manager wants the pitcher to batrlast and his.best
hitter to bat in the clean-up (fourth) positiop,'hOW~many'
‘batt1ng orders are sty]l poss1b1e7 . A

‘6 " The answers to quest1ons 3b) and 4 are the same. Find a third
problem which has the same answer How wou]d you describe a

. situation which has the bas1c features of these probkzm\s" ‘ .

’ EXAMPLE 2 °

In how many d1fferent ways can the top three pos1t]ons of the Big e
Ten Basketba]] sta d1ngs be filled at the end of the.season? (Reqem4 !
" ber there are 10 .t@ams. Assume no ties.) To analyze the's1tuation “‘
we ebserve that any one of the teams could be in first place, any of .-
“the nine remaining teams could be in second place, and any of the
eight other teams could bé in third place. It follows that there aée:
10.9.8 or 720 ways for the top three pos1t1ons in the stana1ngs to be.
filled at %Pe end of the season J , : Ve

%

Questions S

7. Five different floats are'fo be tined up for a parade: “In how

o - ¢ s b

many ways can this be done?




N
Y

There are ten floats entered in a contest.:. Thé'best‘five

be selected ahdt]ined up for ‘a parade.
. ~ ) L )
~a) How many different parades can ‘there be? What do you
by d1fferent parades7 .

b)' If a d1fferent parade began every half hour 24 hours a day,_

. vhow long would it be before the 1ast one-started out7 (As- "
g syme that the floats can appear in as many parades as need-
ed. ) . ' ; - ° ‘
" EXAMPLE 3

In the previous probTems and examples of thi§ activity'the order in-
which the items were arranged has been important.” For instance, ‘in
Example 2 the arrangement -

1. Indiana

’ ’ 2. Michigan . .
3. Purdue _ ' S

'is quite different in the eyes of a Big Ten fan than the arrangement

1. Michigan, . _
. 2. Purdue ’
: 3. Indiana o o

. . ! . .
On the other.hand, there are some probleris’ for which the order in

‘which the 1teﬁs‘appeaf is not important Fof'ekample; if there were

- a post- season: tournament involving the. top three teams, then each of -
the. fo110w1ng six rankings ! v
- 1. Indiana 1. Indiana © 1. " Michigan’ '
Michigan 2. Purdue 2. Indiana ) )
‘ 3. Purdue 3. Michigan 3. Purdue ,
) ’ 1.” Michigan . 1. Purdue - 1. Purdue = =, .
Purdue ~~ 2. Indiana 2. +Michigan
3. Indiana 3. Michigan 3. Indiara

a

would result in the same set of teams being in the,%inal playoff,

\




namely e . '

’ {Indiana, Michigan, Purdue}. ] ‘

" -Since each of the above ordered arrangemBnts involves the same set of

" . three teams, there are ij times as many ordered arrangements of
three teams as there are unordered sets of three teams. There are
720 possible rankings of the top three teams, and consequently there
are Z%Q or- 120 possible sets of teams in the final p]ayoff for the

+championship. oo
.

Questions

L3

9. If a group of seven students wishes to select a Cbmmittee of
Four to negotiate with the brinpipa]; how many committees can be
selected from the grdup? Hint: It helps to break the problem ‘
into two steps: : e S ’

»

a) First calculate the total number of or&é&mf arrangements of
four students

b) Then observe that each Committee of Four corresponds:to
twenty-four of the ordered arrangements' in a) above. That ‘

‘ is, there are twenty-four times as many ordered arrangements
~ as there are committees. ‘ N '

-
o
Y

-How many Committees of Four can the'seven students select?

10. a) If each pair of points in F1gure 1 is connected by a ) o
straight 11ne how many.1ines will there be? (H1nt One - o ,
possible way of approach1ng the problem is to note that the
number of lines is the same as the number of sets of pairs
of distinct points, which is half the number of ordered
pairs of bgints. Each line is associated
with two ordered pairs of points, the end-
pointsnin either order.) Check your an-
swen'by\dnawing the Tines. '

“

Figure-1




11. How many three-element subsets are there in the six-elemeﬂt set?

12. Five students want to play a rbund-robinftennis tournament among
themselves; in such a tournament, each student p]ays’égéh other
student exactly once. How many matches will there be in the
tournament?

13. How are problems 10 a) and,12 related? Create a third problem
which is related to them bbth ih the same way. ' ‘

14. a) Create a "how many possible ordered arrahgements"-type prob-
‘ ‘ lem which has meaning for elementary school students.

< b) Create a "how.many possible (unordered) sets"-type problem

which has meaning for elementary school students.
15. (Continuation of 11) How many one-element subsets are there in
a six-element set? How many two-element subsets? How many *
o - .
four-, five-, six-element®subsets? )

Pascal's Triangle (see also the Number Theory unit p.82) is the
triangular array of numbers whose first seven rows are repro-

duced below.




compare the entries in the seventh row w1th your answer$ to this’”

pY‘Ob] em. ‘
Can you quickly determine the number of two-e]ement subse/s of a
four - element set using the triang]e? L : °

TEACHER TEASER

Even though the March Hare, Dormouse, and Mad Hatterqtried,
"No room! No room!" when they saw Alice coming, it appears

%

that there were actually 9 places stﬂ&avaﬂab]e at the tea
table. So if we assume that there were 12 places in all at the
table, in how many ways can the fouh-creatures be seated around, .
the tables )

48
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ACTIVITY 6 | ‘
‘compunns PROBABILITIES ’ - K

FOCUS:

In assigning probabi]ities using the'symmetry method discusse//dﬁ/;c-

stivity 3, one frequently encounters the problem of determJnfng how
many equally likely outcomes cap occur and how many of these outcomes
have some desired property. 'In this act1vity we make use of the
counting techniques introduced in Activities'4/and 5 in solving such
problems. R

DISCUSSION:

Suppose‘that we are interested in determining the probabjlity that a
specifig outcome‘occurs when an experiment is performed. If we use
the Methog of symmetry.to determine this probability, then we need to
determine a set of equally 1ikely outcomes which includes’ the specif-
‘ ic outcome which is of interest to us. It.is customary to refer to
those outcomes which have a desired property as favorable outéomes .
This usage is simply a convention, and no preference or “evaluation is
implied. If there are, a tota] of n equally likely outcomes and m
of them are favorable then the probability assigned.to the set of
des1red outcomes 1s %-. If the set of desired outcomes is E, then \

priE] = number -of outcomes favorable to E _
tota]vnumber of outcomes

m
-

This is an 1mmeuiate consequence of. .the definition given on page 32
in Activity 3 and the fact that each outcome-has probability’ %—:
There are m _outcomes in E and each has probability %—. Remember
that this aSSumes that the outcomes are equa]]y 11ke1y

¢

EXAMPLE 1

|
Suppose that we ask for the probability, that a card drawn at random
from a completely shuffled deck is a black face card. Then there are




r

8 favorable outcomes and 52 totaJ outcomes. Therefore, the probabil-
1ty of a randomly selected card being a black face card is §82_ or T23' ‘

EXAMPLE 2

<

A student draws two cards at random from a completely shuffled deck. . ’
What is the probability that they are both. face cards? l
We view this as an experiment which consists of drawing two
cards at random from a completely shuffled deck. By symmetry each
outcome is assumed to be equally 1ikely. How many outcomes are
there? Using the method introduced in Activity 5 to count the number
of ways in which'a set of two cards can be selected from 52 distinct
cards, we find that the total number of outcomes is

. 52.51 _ 1326, s,
2

(\ ~ v
How many of these -outcomes are favorable? 1.e., how many consist of
two face cards? There are 16 face cards, and again using the method

of Activity 5 to determine the number of ways in which a set of two

cards can be selected from 16, we conclude that ther‘e.are .
16.15 _ N
7 7120 | \

\\

- ways of selecting ‘two faée cards. That is, 120 of the outcomes are

favorable. - i

Finally, the probability that a student drfws two'face cards in
a random se]ecfionkof two cards from a completely shuffled deck is i
y : ; A

number of favorable outcomes _ 120 _ J%L
total number.of outcomes 1326 221

. which is approximately .09. -

Ve EXAMPLE 3 . - o

What is the probability that a student who.is just guessing will an-
swer correctTy at least two of three questions on: a true-false quiz?

The total number of possible responses to three questions each
of which can be answered in two ways is 2:2-2 = 8. The outcomes:

| . |
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which are favorable, that is, those in which at least two answers are
‘correct can be determined as follows: -

LG h 3 N
a) Two quest1ons can be answered correct]y This can-occur in

- three ways: Either the first and second, second and th1rd
or first and third can be answered correctly with the re-
maining question answered 1ncorrect1y

‘ ‘ : OR
b) Three questions can be answered correctly. This‘can‘occur
in one way. Therefore,

Pr[at least two correct responses] = 5= %—= %

Note that the numerator in the expression 2—%—l-gives the
total number of favorable outcomés, namely 3 + 1 or 4.

TEACHER TEASER ‘ -

A sports-page editor for a news-
paper criticizes a coach for ‘not
trying out every combination and
sticking to the best." Assume a
football squad of 40 players, and
suppose that the coaches work 24
hours a day every day of the
year. Let each combination be
tested for five minutes. How
/ﬁany years are reqdired to carry
out the suggestion?

Warren WeaVer, Lady Luck: The Theory of Probabf]wtyj (Garden
City, N. Y.: Doubleday & Co., Inc., 1963), p- 7101.

DIRECTIONS

Answer the questions on the fo]]ow1ng page. designated by your 1in-

‘ structor. ) , i "
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Determine the probability that on a five-question true-false N
quiz a student will answer all five questions correctly by .
guessing. . '

Three cards are drawn at random from a completely shuffled
bridge deck. What js the probability that all three are dia-
monds?

‘The combinatfon to a vault consists of three numbers. The vault

1sﬁopened by turning the -dial to the‘right and stopping at tDe
first number, then turning to the left and stopping at the sec-
ond number, and finally by turning to the right to the third

.number.

a) . There’are 100 numbers on the dial of the vault. If a person
makes a guess at the combination, what is the probabi]i%y~ -
that he will be correct? '

b) Suppose that a teacher finds such a safe at an auction and
has each of his 25 students try out a different combination

each school day--five days a week’ ‘After about three school '~ '

years or 100 weeks, what is the probability that the class
will have opened the safe? (In a case similar to this one, .
the class opened the safe after spending a year and three

months trying 59,000 combinations.)

A bag contains three red chips and three white chips. An ‘exper-
iment consists of reaching’ in the bag and selecting two chips at
random.. What is the probability that both ch{ps selected are
red? i

A committee of three students is to be selected at randgm (by
drawing straws) from a group consisting of three fifthgn
and five sixth-graders. What is the probability that the com-

raders

mittee will consist entirely of sixth-graders?

A wealthy gentleman (perhaps the Grand Duke of Tuscany) knew ,
from long experience that in playing with three dice.a sum of 10

*® ) 52 ' . ‘_,'-’.
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js easier to get than a sum of 9. On the other .hand, when he




listed the coﬁbinat1ons which-add to 9-and 10, he found six of

-

each:

~ Lombinations Combinations

Which Add to 9 Which Add to 10
3 3 3 4 3 3 ’
4 3 2 4 4 2
4 4 1 5 3 2
5 2 2 -5 4 1
6 2 1 6 3 1

L5031 6 2 2

‘amw’ ’
Find where the Duke's reasoning goes astray, and calculate the

correct probability of getting a sum of 10 and the correct
probability of getting a sum of 9. (You'll be in good company
if you can set ‘matters straight; things were Cleared up for the
Grand Duke by the remarkable Galileo.)
OPTTONAL: What is the probability that at Least two people 4in a
noom of 25 have, the same birthday--that is, the same ‘month and
day? (Hint: Find the probability that no two pe0p£e An the
noom have the same binthday. Then subtract this probabitity
from 1.) A caleulaton on computer Witk be handy 4§ you want £o
obtain a Aéngég decimal number as the answer.

9.




ACTIVITY 7 -

.. A CHILD'S VAEW OF PROBABILITY EXPERIMENTS N | '

FOCUS :

-~
The concepts involved in a mathematical study of uncertainty are- more

complex that those, say, of the whole number operations. Moreover,
persona’l preferences and other subjective influences play a larger
role in the child's view of probabilistic situations. This activity
1s” concerned’with the way in which children re‘md to probability
experiments,

DISCUSSION;

Certain assumptions about probabi]1ty experiments may seem comp]ete]y
reasonable to adu]ts and yet quite unreasonab]e or even false to
children. A]so, there is the eVer present problem of comnunicat1on

. an adult and child may have the same fdea and express it so differ-
ently that nefther realizes the intentfions of, the other.

-

DIRECTIONS: o : -

.

1. Read the following ,d1alogue between a teacher and children named
Pam and Pat, and then answer the questions which follow 1t.

- Teacher: We are going to play a race game. Each of you will
p]ay on the game board with a colored marker. Each
time the pointer of this spinner lands on 2 certain

color, the child with that co]or marker moves his

,/_



marker one space forward on the game board. The win-

ner of the game jis the f1rst one to reach the finish
space. , - o

L&

Finish i "Finish

Start ) Start

Game Board N

‘e

If you want to win the game by p]aying with this spin-
ner, which color would be best for you? :
I would take yellow. '
Why?

Becadse‘yellow is my 1ucky.color.v

1 wou]dltake blue. .

Why would you choose b]ue7

Because there are two different p]aces for the pownter
to tand with that color,

Questions

What is Pat's viewgf the game?

Suppose the pointer were spun three times and landed-on yel-
Tow each time. How would you expect Pat to react? What -

~ would be an appropriate reaction for the teacher?

What {s Pam's diff%cu]ty in analyzing the situation? = -

Would a spinner‘of the forﬁ‘onygng,following page.help her
to.avoid the mistake? :

55 S
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e) Design an activity in which a child is assigned a-color and -

asked to pick the spinner that is best for him.: .

s : .
Read the following d1alogug between a teacher and a child named
Ellen, and then answer the questions which.foljow it.

Teacher: Here is a bag containing red and white balls. If you
draw a ball from the bag without looking, what color
could you draw? '

Ellen: White?

Teacher: .Any other co]or%

Ellen: Red? o , .
Teacher: Is that all?

J : =
Ellen (Silence)

Teacher: Could you draw a blue ball?

Ellen:  If you put one in.

Questions

a) Does Ellen have a feeling for outcomes which are possible
and those which are impossibla?

b) Does Ellen understand the concept of sample space?

¢) MWas ‘the teacherhs choice of the WJFE "could" a good choice?
Do you have a better choice? '

d) How would you improve this learning experience for Ellen?

o
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3

Diséuss'the'relative merits of spinnefsﬁand balls in bags as

devices for generating random outcomes in experiments with ele-

mentary schoof\Fh11dren.‘ Modify the experiment descr1Q§d in
question 1 for use with balls in a bag. B .

-

How would you handle consistently highly-subjective responses
from a child in probab111ty game situations? Are such responses
so different from those of adults? (Remember;the basketball
player who alpays wears orange shoelaces and the football coach
who always carries a certain coffee cup along the sideline
during a game.) '

-
°




: PROBABILITY IN CHILDREN 3 GAMES

acTVITY.8 ¢ S

) L e

.- Y N T - N
v . . . . . o

FOCUS

A 1arge part of ch1Pdren s exposure to chance and uncerta1nty arises
in game situations. In this-activity the role of games in 1ntroduc-
ing proQab111ty concepts “to ch11dren is exam1ned -

SorscusstoN: . L

<

The following game, which is suitable for“the pr1mary grades, can be

used to 1ntroduce certa1n probab111ty concepts

A RACE GAME
v {mﬂm 1 W W“W‘i' T..
/ i‘h;‘ i" ““..' ™
/il Wﬂ il
. , - 'T«T. . i
il
ﬂﬂ >
N
: ) ,m_,ﬁ | L,ULLLL
1... ; I LBL’” , \\"\\,“:,\3‘0
S @”i’o |
0 o ° ) ,'»I/
O/ 0 4
> il Einit2 ~ Yo7 o '
= - ¢ 008008 o ;

The game requires & race track (a sample is 141ustrated above) three
paper cars colored bjue, green and red, and a set of spinners similar
to those shown -on the fo]]ow1ng page.

. ) Y “ ) Cor
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« < [CZ] Red - . [E=X36reen CJBlue

The game is played by three children as follows:
game is to bs played several times, then the children-might
take turns in selecting a spinner. ' )

b) - Each child picks a eo]orgq éar; the child who picks the,

rd

spinner makes the last selection.

‘ c) The children take turns spinning the spinhér .(or an impar-
. tial fourth party may play this role). "After each spin, the
child with' the car whose color-is the same as the region

Qinnef is the child whose car crosses the fipish'line first:

DIRECTIONS:
1. In small grouﬁs (three or four students) discuss’thé’following
‘ questions. N ’

.o a) 3dentffy three id8as tonnqcted with “probability which could
be introduced using this game setting. Formulate these
ideas as ob3ect1ves to be achieved by the ch11d

b) Suggest appropr1ate quest1ons for helping the child to focus
: on each of the ideas identified in a). i
) c) OPTTIONAL: Tn.the previous activity it was suggested that
‘ children have centain difficubties in dealing with proba-

. - 59

a) Onge child picks the shinner to be uséd in the game. If the |

where the pointer lands moves his car forward one space. The



o

2.

biZLAiic'concepzzq How m&ght these d&ﬁﬁ&cuﬂi&eA aﬁﬂect Zhe
way they play this’ game? How might the game be played to
avercome zheAe difficulties?

Lonstruct another game wh1ch could be used to.introduce basic
ideas in probability to elemEntary children. What are some of
the ideas which could be introduced using your game7 .

[N

-

“.

B

TEACHER TEASER

The God Sambu‘(Siva) has 10 hands. In each hand he holds one of
the following symbols: a rope, an elephant's hook, a serpent, a

tabor, a skull, a trident, &aPedstead, a dagger, an arrow, and a

_ bow. If these symbols can be exchanged from hand to hand, how

many different variations in the appearance of the.God‘Sambu are
possible? - //

.

.

A Hindu Problem Adapted from Bhaskara (ca. 1150) in Howard. Eves,
An Introduction to the History of Mathematics (New York Holt,
Rinehart, Winston, 1964}, p. 201. . .

a




ACTIVITY 9 .
PROBABILITY MODELS OF REAL-WJRLD SITUATIONS

*

FOCUS :

The use of probébi]ity models to aid in understanding rgal-WS?ld sit-
uations can be introduced in the intermediate grades. Two typical

situations are presented in thiswéctivity to provide some experience
with these models. A

MATERIALS:

One_spfnner-per group, paper and colored penci]é.

'DISCUSSION: : e

Mgny_rea]-wor]d sitdations involving randomness can be.modeled using
a.spiﬁner or a set of spinners. Here we‘consider'two'situations
which can be modeled by using a single spinner. Spinners with back-
ground sectors of dny desired sizes can be constructed by fi{ting a
sheet of paper shaded in an appropriate way over the”background of '
"the spinner provided.

DIRECTIONS:

£ach group will be assigned either Problem A or Problem B. Each
group will construct an appropriate spinner, ‘perform the indicated
‘experiment, and answer the questions.

PROBLEM A

Tom has a free-throw shooting success probability of .600. He is on
the Tine for a one-and—oné free throw. Use a sbinner to estimate the
probability that he will score O.boinﬁs, 1.point, and 2 points. Re-
member that "one-and-one" means that the player must make the first
free .throw in order to be eligible to attempﬁ the second.

a
i
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1. Construct a spinner with .6 of the aféa-shaded. The background
should appear as sketched below ) o, .

a

n

2. Perform an experiment consisting cf 20 one-and-one trials. Be
sure to abide by the ru]es! Record the results of your experi- : .
ment in the table bedow. S

o

Points Frequency Re]agive Frequency
0 | : ‘\
1 - , ‘II’ \\.
v ) N RS

3. Based on your experimenf, how-do -you expect Tom to perform at the

free-throw. 1ine?

4. Pool the data obtained by all the groups working Problem A to
obtain a better estimate. Use the approach of Activity 1.

5. In what ways is this model a realistic one? What are some of its

shortcomings?

6. OPTIONAL: A model such as this may be helpful in decision-mak- ..
{ng. Forn example, suppose that Tom could be expected to score 10
paints grom the field while Sam could be éxpected to scone §
podnts on gield goaks {n a typical game. ALso, suppose that Sam
has a free~throw shooting average of .750. 1§ the coach expects
that whichever player 44 wused 4n the game will be at the free- ‘
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throw Line for 5 attempts on one-shot fouls and 5 attempt#'on‘
‘ one-and-one 60u2,5‘, Wch'.pl.aye/t should he use Lif his onky con-
- cern is sconing the maximum number of points?

PROBLEM B

-~

A breakfast cerea] company tries to increase its sales by offer1ng
small p]ast1c animals, one animal-in each box of cereal. If there
are five kinds of an1mals, est1mate the number. of boxes of cereal you
would have to purchase in order to obtain a complete set of animals.

1. Conétruct an appropriate spinner. Assume that the various ani-
mals occur in equal numbers and are uniformly distributed in
boxes of cereal. That is, assume that the probability that a
box of cereal conta1ns an animal of a certa1n type is %?:

Perform experiments that help you estimate a typical numbér f
boxes to be opened to obta1n a complete set of animals.

{. 3. OPTIONAL: Pool the data abta&ned by all the gnaupé wonkAng
Prablem B to obtain a better estimate.

. General Questions:

1. Construct two real-world problems suitable for children in the
intermediate grades in which probability modeling.of.this sort
is helpful.

List briefly the positive effects that you feel could result
from providing activities 1ike these for children in the inter-
mediate grades. : o
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ACTIVITY 10‘/ . . ‘ —

SEMINAR / o ' .
- ” .

FOCUS :

This seminar will be concerned with two topics: first, the ratiopale
for teaching probability in the elementary school will be discussed;
and second, a summary Of suitable probability topics and activities
for varjous grade levels will be developed.
\ .

MATERIALS:

"~ Answers to questions 1 and 3.'of the assignment given on page'4 of
the Overview,

&

DIRECTIONS:

1: In a classroom discussion led by your instructor consider the
following questions pdsed in the Overview assignment. ‘

(1.) Why is the playing of games important in early probability
activities? ' '

(3.) After teaching a unit on probabjlity in the sixth grade
you are approached by a concerned parent who asks about
the role of dice and spinners in a mathematics program.
What points would you raise to support the teaching of
probability and statistics in the e]emgntary school and,
in particular, the use of dice and spinners as instruc-
tional aids? '

2. As a class summarize by grade level suitable topics and activi-=
ties involving probability in the elementary school. Take 1into
consideration prerequisite skills, interest and motivation, and
connections with other academic work.




‘ 0 | | “Section: |-

- BASIC STATISTICS
AND ITS ROLE IN THE
ELEMENTARY SCHOOL

Most people (including chi]dren) regularly encounter situations 1n v
which understanding and decision-making is facilitated by organizing,
processing and evaluating data. These activities, wh1ch we sumMar1ze

by the term statistics, are the topic of this section. ' :

nStatistical thinking will one day be as important fon
A efficient citizenship as the ability to nead and write." — '»
‘ . --H. G. Wells R
Activities 11 and 12 introduce some basic statistical ideas and pro-
vide examples of the use of these-ideas in the elementary sbhoo].
Activity 13 provides an example of inference based on statistics.
This section concludes with.a seminar which focuses on .some pethod-
ological issues that arise in teaching statistical concepts.

. r%: EE]
MAJOR QUESTIONS , .

1. What aspects of mathematical thinking dte"cgltivated in children
by a study of statistics which are not a part of .the study of
arithmetic’ and geometry? -

2. What roles does statistical thinking b]ay in decision-making in
everyday 1ife by children? By adults? .

3. How are the subjects of probability and statistics related? How
should this relationship be conveyed to children? ‘

65
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ACTIVITY 11
USING STATISTICS TO SUMMARIZE DATA

FOCUS:

In this activity some of the basic concepts of statist1cs are intro-

duced. Examples are given to show how these ideas can be used to
help describe and summarize data.

DISCUSSION:

Preceding the .activity there is a list ofbdef1n1t1ons of the statis-

tical terms used in this unit. These definitiops should be examined

~briefly and then used as a reference in the remaindér of the section.

This activity consists of several examples and questions involving
basic statistical concepts. ' '

.DIRECTIONS:

Read through the definitions of 4he terms. In small groups read the
examples and discuss the questions. Your instructor will identify
those questions for which written answers are desired.

STATlst TERMINOLOGY

To illustrate the basic concepts we use the following simple set of
data: 7, 6, 10, 7, 4, 6, 10, 10, This data could arise, for ex-
ample, as scores on a mathematics quiz.

Organizihg Data

It is frequently helpful to organize and represent data in a chart,
table or graph as shown on the following page.

a) Tally chart

4161|7110

(I fm

or




[

b) Frequency table ' .
Score | Frequency
s | 1 N
A
2 R
10 3 ’
c) Bar graph
3-4.- Perrre
[
2 T .
1 ﬂ- mw
0 ———— L L 4+—t .
1 2 3 4 5 6 8 9 10

Summarizing Data

In summarizing data one looks for a "typical value" which will serve
as an- appropriate representative of the entire set of data. The ,
manner in which this value is computed- usually depends on the s1tua-
tion and the use to which the value will be put. In addition, {t is
sometimes useful to have a measure of how much the data is spread out
or dispersed. Such information provides a measure ofs how much an*
actual data value may differ from the typical value selected.

Typical Values

a) Mean. The mean of a set of data is the quotient of the sum
of all the data values divided by the number of data values.

67 ‘ o ¥
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The mean of the data 7, 6, 10, 7, 4, 6, 10, 10 is

+ 641047 +8+6+10+10 6 1
! B : %$§§E 5 -

)

.

Notice that the mean need not be one of the data values, and
in fact need not” even be a possible data value. In this ex-
ample the mean is 7%—even though the quiz papers may be
given only whole-number marks. As another example of this,
the mean number’ of members in a fam1iy in a .city might WelT_
be 4.3 although clearly no family can contatn 4.3 members .

You may haye encountered the”notion of a mean Vaiue pre-
viously under thgsname of average. Some authors and text-

'books use the term "average" in a generic sense, as we have

used "typical value."

Median. Order or rank the data in increasing drder. If the
number of data values is odd, then the median is the middle

~data value. If the number of data values is even, then the
" median is the mean of the two middle data values. The medi-

an of the data 4, 6, 6, 7, 7, 10, 10, 10 is 7: 11—%71)-.
;je median of the data 4, 6, 7, 10 is 6y : i§—§¥ll

dian of the data 4, 6, 7, 8, 10 is 7.

The

Mode. - The mode(s) of a set of data are those data values
which occur with the highest frequency. The mode of 7, 6,
10, 7, 4, 6, 10, 10 is 10. The modes of 7, 6, 10, 7, 4, 6,
10 are 6, 7, and 10. '

-

~ EXAMBLE

The set.of data:3, 3, 3, 5, 8, 8 has mean 5, median 4 and
mode 3.

Measures of Rispersion .

Range. The range of a $ét'of data 1svthéydifference between

the greatest and least daia values. The range of the data -
7,6, 4, 10 s 10 - 4 or'6. L




¢

* It_is sometimes useful to div1de,the rangebinto quantiles,

deciles or percentites, The TOWest'quartile, for example,
contains the bottom quartéer of the-data values; the T
'dec11e contains the 1dwest tenth of the data value d the
) 1owest percentile contains the Jowest one percent of the -
*data values. These ideas will not. be pursued in th1s unit,
”;but the interested reader may find more information 1n the
‘references. The results of standard1zed tests are frequent-
1y reported in terms of percentiles or deciles.

Méan deviation. To compute the mean deviation of a set of

data one first computes the mean and then the-differences or
deviations between each data value and the mean This set

of differences contains some positive. and ‘some negative num-
bers. Form the - set of abso]ute values or magnitudes of the .
differences. That is, just consider the magnitudes of the
numbers and not their algebraic signs. The mean deviation
is. the mean of this set of. nonnegative numbers ‘

' For the set of data 7, 6, 10, 7, 4, 6, 10, 10 considered

above, the mean was determineq/to be 77- Therefore thev

differences or deviations are -%3 —LL Z%, '?“ 323'-123 2,

2%-. The magnitudes of the deviations are 23 123 223 ?“ 323

1

153 2%3 2%3 and the mean of these flagnitudes is A~

1.1 1.1 .11, .1 ,.1
prlyt 2yt dptlyt iyt sy g5 J
: 8 — T T3t lE

-

) Therefore, the mean\deviation of this set of data is 1%-.

The range of a set of data‘is determined by the largest and
smallest valde and does not depend on the distribution of
the remainihg data between ‘the largest and the smallest
values. It follows that any two sets of data which have the
same largest and smallest va]ues have the same range (In

fact, even more data-sets have the same range.) On the
other hand, the mean deviation of a set of data does depend
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on the Way in which the data are distributed between the

lardest and smallest values. The mean deviation gives ‘
greaterAWeightth the data which are far from the mean, and )
consequently it is a more sensitive measure of dispersion

than the range.

el

[

There are other measures of dispersioh which are particular-

1y useful when dealing with data having certain character-

istics. One common measure is the standard deviation which '

is discussed jn detail in the references.

- "EXAMPLES AND QUESTIONS

-

-

© a

The mean, median and mode are all measures of the® location :of the

center of a set of data values.. As such they are frequently referred

to as measures of central tendency. Any one of them might be used to

describe a typical member of a set of data. The choice d_‘epends on
what use is to be made of this typical value. o

EXAMPLE 1*

.~

.
‘Suppose 25 families are selected at random, and the numbers of chil- ‘

dren in 1965 and 1970 are determined. The results are tabulated be-

Tow: .
. Number of Children Increaée in
. Family 1965 1970 |  1965-1970
1 3 - o 3 0
2 3 5 2
T3 1 ., 2 !
4 3 4 1
5 0 3 3
6 3’ 3 0 »
7 1 3 2
8 0 0 0
9 0 0 . 0 _
10 3 4 1 i
= -

*Adapted from Statistics by Example: Exploring Data,
Mosteller, et al. (Reading, Mass.: Addison-Wesley, 1973), p. 23. ‘
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- Number of. Children Increase in.
’ Family 1965 1970 | 1965-1970
n 0o o | 0
X 13 3 4 ° 1 ° .,
. 14 5 5 0
15 1 1 - 0
16 T 1
17 6 -7 1
18. 3 . 4 1
19 1. 1 0
20 2 3 1
p 21 1 3 2
| 22 4 5 1
73 0 0 05
24 4 , 5 1
25 EI N 1
B 56 76 20

v i

, The typical number of chi]drén in one of the ‘sample families 1n 1965 -
‘was 3; and in 1970, the typical number of'gjj‘fldrenj was again 3. How- .
ever, the typical increase in family size during the period 1965-1970

was one child,” , .
If "typical number" means median, then the above {s.a true
statement as the ‘f"réquency‘ tabte below shows. (Nhev're does the data
associated with the thirteenth family 1ie?) ‘

.

i
[}

-~ Number of Mumber of -
Children in | Frequency Children in [ Frequency .
) 1965. , |, 1970 '
0 5 0 4
1 5 . 1 2 h
72 2 2 2
3 8 3 6 .
4 3, 4 5
5 1 5 5
) 6 1 6 - 0
7 0 7 1




- o ' Increase co
e between - | Frequency:. 1
1965 and 1970

0

1 :
2 3 . -
: 3.0 1 | -
v'“ . : o L ,/J p’ i o h

. .

Therefore, we conclude that the med1an number(gf ch1]dren per family
~in 1965 plus the median increase in fam11y size is not ecessar11x

~

equal to the median number of children per family in 1970.

Quest1ons - o S
‘1T7>Qf;§Qe typical number used in-the above. example were the mode,
would the same conclusion hold? Cot . .

-~2" WOuld the same conc]us1on ho]d 1f the typ1ca1 number used were >
the mean? g : . ¢

a

3. The owner of a business has an annual income of $50 OOO and h1‘ :
14 employees each have incomes of $5000 How should a typ1ca1 e
income for the 15 1nd1)1duals be determ1ned7 o P

+4. A student has test scores of 95, 75, 70, 100, and 75. How
should her typ1ca1 score be computed? Why? c

5. A developer is planning to build a_small apartment house:'and to L
save costs he plans to construct a bui]ding in which'all apart-' o
ments. are - exactiy the' 'same. “He conducts an informal telephone ".
survey, and finds that of 100 fam111es, 10 are 1nterested in a )
$tudio apartment 12 in a one- -bedroom apartment, 18 -in a- two-‘ A

; bedroom ‘5..in a three- bedroom, and 55 are not 1nterested in L

_apartment 11v1ng ‘What size apartment should. he’ bu11d7 What - “‘.*\
sort of ”average" apartment preferences has - he used’ R

AN ‘e e
3 v 3 . N
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B 6. Many American cities have a; d1str1but1on of c10ud1ness sunﬂar

I
i

.. . to the following.* - A

Number of Days

. | —
0 10..20 30 40 50 60 70 80 - 90 100’

. Is)

: . Percent Cloud1ness
v D
How should the typical- clohd cover in"such an’ Amer1can c1ty be

'descmbed" (i

7. Which measure of central tendency takes every data value into .

account and always changes when a single data value is changed"

. I
Which measure tends to 1gnore extreme values?

8. Create a situatior and a slet of data for wh1ch one: spec1a1 1n-.
‘ terest group could give one picture of the S1tuat1on by usmg
. - the median to summarize the data, and another group cou]d give
‘ ‘another‘ picture by usmg \L.he mean.

9. OPTIONAL: Supper you ane gwen a set 06 data values {x,, Xy,
1

}uu/th mean m. ’

a) What is (m - x,) + (”![“Xz) + -';-A’f'(m'-x')7 That is, what
A8 the sum of the dev;m,twrus grom the mean’ o : o

N

- b)  Intenpret the nesult 06 a) An terms 06 a ba&mce beam

c) ~Convince younseld thwt forn an odd numBe/L of data values the
LT . median 48 that data va!,ue such tha,t the sum of the magni-
> tudes 06 the deuuvtwrw 0f the remaining data values §rom it
s Ama&@eﬁ'tﬂan the coMeApondmg sum 604 any different data
vaLue ‘ - '
. | 3
<

LS, K CampbeH ‘_&and FaHac1es of Stat1st1ca1 Th1nk1ng (Engle-
'wood Cliffs,.N.J. Prent1s e<Hall, 1974), p. 1. .




d) Let D, and Dy be two sets of data values with means m, and
m, nespeetively.. Show Ihat(%ﬁe mean of the set of data
DjLJ‘Dz (that is, the set of values consisting of all values
grom D, and all values from D,) can be obtained easily from

m and m,. Give two examples to make your point.

°

Ih concluding this djséussion of typic51 vilues, it.should be
mentioned that there are certain]y‘cases‘1n which a person is not in-
terested in the typical or average value of a set of data, but rather
in one of the extremé values.. A prospective college student with
1ittle money would be interested in the minimum annua]"expenses for
attending various colleges--not the average annual expresses. Al-
though a br1dge designer is 1nterested in the typical traff1c load

- for, the bridge, the bridge builder will. want to make the bridge
strong enough so that it can handle the peak or maximuim load--not
Just the average load! A hungry soldier in the field isn't satisfied ‘
by the knowledge that the average food consumption per soldier is
adequate. Simi]arly,‘in regard te gasoline conservétion, a car's -
actual speeds are more important that its average speed In 'summaky‘,. :
saying that an average can be- comnyted is quite different from saying
that the average is useful and s1gn1f1cant :

s - EXAMPLE’Z

»ﬂ—ﬁw\dg;ghé:;;;é between two~basketba}1-p1ayers with the same scoring

average (usually defined as the mean), a basketball coach may be in-
terested in the dispersion of the scores about the mean value. For
example, he might prefer to use the player who is most consistent.

On .the other hand, the.coach'might start the player who has some very ’
high-scoring games (but also some very low-scoring games) in the

Hope that He will have a good gamei ' 5

R Questions
. ra

1. How might your attitude.toward two occUpatiohs w%th the same -

average pay be influenced by the dispersion of actual salaries

about the average? . . . .




2. Consider the set of test scores {55, 85, 60, 98, 72,.80}.

a)

b)

c)

A student has taken three examinations of 100 points each.

scores to the parents of students in your classes?
t ~

Find the range and the mean.’ ,

Find a set of scores with the same mean, but with d’smé]]er
range. ’

Find a set of test scores with the same range, but with a

higher mean: )

P

Her

mean score is 85 and the range of test scores is 107

F1nd two sets of test scores satisfying these conditions
which have different mean deviations.

.
]

Find two different sets of test scores satisfying these con-
ditions with the same mean deviation. i

What do you,conclude about the mean deviation as a measure
of dispersion? '

How would you communicate information on the dispersion of test

~




ACTIVITY 12 S BN |
USING STATISTICS IN DECISLON-MAKING | - ‘ | ‘

bl

-

FOCUS: J ~ » ' ’

This activity is concerned with the use of statistics as an aid in
decision-making. An outline of a general approach to- decisiom-making
*is included.

DIRECTIONS:

Read the discussion and example, and answer the questions posed &t
the end of the activity.

+

DISCUSSION:
' ]

The following format may prove helpful in anéﬁyz1ngfa Situation with
the aid of statistics. )

v

1. Recogn1ze and clearly formulate a problem. '
/ |

2. Collect re]evant data.
3. Organize the data appropriately.
4. Analyze and interpret the data.

5. Relate the statistics obtained from the data to the original
problem.

s

In Activities 1 and 3 we used data and the relative frequency method
of assigning probabilities to determine the probabilify of a certain
outcome. Viewed in the context of the decision-making process out-

lined above, this would fall _.in siep 4. Thus we see that the deter-
mirnation of probabilitie (/&;ich was the primary concern of Activity
3, Ts only one step of/;§port1on of one step in the process cdnsider—
ed here. In fact,-it sometimes happens that the explicit determina-
tion of probabilities is unnecessary and thgp the data may be used in
the dec1s1on-mak1ng process in other ways.
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EXAMPLE

This exémple is presented in a manner which illustrates the steps
identified above. ' '

-

1. There is to be a softball-throwing contest between repreéenta-
tives of each of three fourth-grade classes. Three children
volunteer in Mr. Iron's class. How should the claés rebresenta-
tive be selected?

[

It was decided that each of the three volunteers would‘make five
throws, and that the class representative would be selected on

the basis of these throws. From a specified spot eéch child

threw the ball as far as possible.

The distance from the throwing spot to the point of impact was
measured with a trundle wheel to the nearest one-tenth meter.

i

The data collected are given below:

Volunteers Distance of Throws (nearest T%-meter)
4 —

Randy 27.7 231 . 22.1 23.8  26.8
Becky 24,0 23.3  27.4 23.9 27,1
Tony 23.1 26.7 28.8 17.8 25.6

It is difficult t5 select a class representative simply byfjook-,z
ing over these data (try it!); so we proceed to organize:the T
data. ‘ . .

We organize the data in a tally chart and in bar'graphs. «

Tally Chart: .
' Distance of Throws (Nearest Meter)

‘ |18 ]19|20]21 {2223 |2a |25 | 26|27 8|29
Randy ' AEnEas |
Becky | o 1ul |
Tony | / / I [ :




Bar Graphs: .
Distance of Throws (Nearest Meter) :
. W
Randy —+—+—o—+—-|——+—-|—_+—+—
18 19 20 21 22 23 24 25 26 27 28 29 30

' Becky —b——|—0—+—0—-ﬂ—0——|—-—0’—0-—+—

18 19 20 21 22 23 24 25 26 27 28 29 30 _ )

Tony —SfR} 44 -S| | Epm_m -y
18 19 20 21 22 23 24 25 26 27 2829 30

Simply using the tally chart and the bar graphs we can draw some
rough conclusions. For example, Randxvgnd Becky appear to be
more consistent than Tony. On the other hand, Tony has. the best
throw of all. A ' '

4, Ana]yz1ng data frequent]y jinvolves asking some questions, and
" that is the approach we shall follow here. The fundamental
question is, of course, "What criteria should be used to select
‘a class representative?" Before ‘confronting this basic ques-
tion, we consider a number of subsidiary question\s’./ﬁ ‘

a) "Which child is the best thrower? In particular,’which child
has the best "typical" throw? How should a typical throw
: be determined?

v b) What role should consistenEy play in the determination of L
who is the best thrower? .

- ¢c) Are five throws for each child an appropriate number?
Should very short throws be excluded?

d) Was'important information lost in rounding the distances of
the throws to the nearest meter?

X \
Each of these questions raises an important statistical fissue.

Question a) is concerned with finding a typical distance for

each child. The qﬁandard statistical measures of typica]ness,
the measures of central tendency, were introduced in Act1v1ty
11.

\[%E{l(;‘ “ . : é§{)




Question b) is concerned with the sbread or dispérsion of theA'

data. Measures of dispersion were also introduced in Activity

Question c) asks whether the data collected were appropriate for

the basic question. . N

Question d) asks whether the data were organized adequately.

To determine a typical distance, we compute the mean and
median for each child. Carry out the computations and enter
the results in the table below.

Mean distance Median distance

Randy

Becky

Tony

Using these statistics, discuss which child has the best
. typical.throw and why.

b) A common measure of dispersion of data is the range. What
are the ranges for the data for each of the three children?
_How does this information help in determining who is the
,Qeét thrower? ’ ’

’

What sort of considerations enter into this question?
Identify and discuss three relevant points. Do the rules
-of the final competition play a role here?

d) In‘organiiing the data as was dohe on the tally chart, it

was essentially classified in unit intervals: 18.6-19.5,

. 19.6-20.5,,:.. 28.6-29.5. Such intervals are known as class
intervals and the choice of class intervals of length 1 was
an arbitrary one. . For example, class intervals of length 5:
15.1-20.0; 20.1-25.0; 25.1-30.0 could also have been used.

sty
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Whenever data 1s organized into class intervals for easier

treatment, it is possible that information is Tost.. In th1s‘-
n

case did the choice of class interval distort the data in a
- unfair way? _

Finally, use all the information you have to make the best
selection of a class representative. Support your choice as
much as you can. Would you prefer to have different data on
which to base your selection? If so, what data would be most
useful to you?

o Questions

As a class study the fo]]owing question: How much change does
a typical member of the class carry?

Identify two other situations similar to the example of this
activity where statistical thinking would be useful in the ple-
. : /

mentary school. .




ACTIVITY 13 [OPTTONAL)
‘BASTNG TNFERENCES ON STATISTICS

Focus: o '

This activity {3 deségned to introduce the basic ideas of statistical
{nference and to {ndicate how data can be used in the estimation of
probabilities. '

MATERTALS:

Mosteller, Frederick, and David L. Wallace, "Deciding Authorship,”
{n Statistics: A Guide to the Unknoum, edited by Judith M. Tanur,
et al. San Francisco: Holden-Day, -1972, pp. 164-174.*

DIRECTTONS:
The article by Mosteller and Wallace cited above should be nead as an
outside assignment. The activity consists of a brlef discussion of
he, anticle and the {deas introduced in Lt. Tn preparation fon this
dlscussion you sheuwtd consider the following questions.

What {4 the meaning of the tewm "statistical inference?”

How are statistics and probability nelated?

What do you view as the Strengths and weaknesses of the argument

presented {n this anticle? ' _

Give another example ¢f the use of statistical inference in a

s {tuation anising dn'the )m{e& workd. ’

“—n

]

v

*This collectfon of essays was prepared by the Joint Committee on the
Curriculum in Statistics and Probability of the American Statistical
Association and the National Counci) of Teachers of Mathepatics.

This same Joint Committee prepared the series Statistics by Example

.noted in tne references.




ACTIVITY 14

SEMINAR , ' ‘
— . |

-

FOCUS:

This activity is concerned with methodological jissues which may arise
in teachliing statistical ideas at the elementary level.

DIRECTIONS: ; o E
- In a group discussion consider the following questions:

1. Is it preferable to use student-generated data rather than data
that relates to a matter of interest to children, but was ob-
. tained by others? '

2. The organization and presentation of data is an important com-
poﬁénﬁ of statistical work and one which poées problems for in-
experienced children (or adults). The Graphs unit discusses
somé means of presenting data. and others. are 1ntroducecj in Ac-‘
tivities 1 and 3. Discuss the instructional issues which arise
wheri an elementary school teacher seeks to teach.children to
organize data. ' - p

3. What measures--height, weight, cost of articles, scores in
games, eté.-«might be used as- sources of data in the elementary
school? How might the collection of data be handled to avoid

. individual sensitivities? List several attributes whose mea-

[}

surement is not 1ikely to cause embarrassment to any children.

4. Optain three articles from recent newspapers which are concerned B
with mattgrs o# interest to children and which have statistical
content. How might these articles be used to motivate the study
of statistics? ’ '

5. Carefully identify those arithmetic sk111§ which must precede
the introduction of various statistical concepts and tools, for

example, the range, mean, median, tally chart, etc. ‘

82 ,;*2(
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- Section Il_«
| WINDING UP:
A REVIEW AND EXTENSIONS

i

. The topics which hEVe been discuSsed in a rather 1ntuftfve way in 2
Sectfons I and I1 can be organized and presented as a _part of the =
mathematical disciplines of probability and statistics. ;In the first
activity of this section we will return to a topic (counting) which
was 1ntroduced ih Section' 1, and we will review some of the results
of Activities 4 and S in order to 1dent1fy some’ general principles.

‘In the next act1v1ty we will consider sequent1a1 exper1ments in which
the second outcome depends on the: first. The final act1v1ty of the
unit introduces the important and usefu) concépt of expected value.
This notyon. is particularly helpful in the quantitative study of
games or game-}ike situations. '

TEACHER TEASER . N '

_ Suppose that you have 12 postage
11213134 . stamps joined as shown in the
’ A diagram. A friend asks for
four stamps which are joined in
N such a way that theywill ,hang

? 10 [ 11 .12 - together. That is, }ey could be
) stamps 1, 2, 3, 5 but not 1, 2,
3, 8. How many sets of four stamps have this property?
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ACTIVITY 15 e
SOME PRINCIPLES OF COUNTING " ‘

FOCUS: 3 -

In Activity 5 we introduced some techniques for counting or enumerat-
163 the elements of a set. That discussion is continued in this ac=
tivity and séhe general principles are introduced. It should be
re%mphasized that althoughscounting techniques-have been introduced q
in this unit primarily to aid in computing probab1]1f1es, they are of
considerable interest in their own right.

°

DISCUSSION:

(Read the examples presented below and then discuss them as a class.)

*

EXAMPLE 1 7 © . \

In Indiana automobile 1icense plates appear as b1ctured below:

| 473961

« JUN 77 . BB

The first two digits identify the county of the owner's residence;
the remaining letter and four digits are used to distinguish between
plates {ssued within a county. How many different plates can be

' issued by each county?

If we assume that all 26 letters can be used (actually I and 0
are frequently omitted to avoid confusion with 1 and 0) and that all
10 digits can be used (normally the set of four digits each of which
is zero is excluded), then the total number of plates can be found by
arguing’ as follows: ' '

There are 26 choices for the letter; for each choice of the letter
there are 10 choices for the first digit; for .each choice of letter '

7




~and first digit there are 10 choices’ for the. second digit; for each
hoice of letter and first two digits, there are 10 chotces- for the
‘h‘ird digit; and finally, for each choice of letter and first three
digits, there are 10 choices for the,fothh:digit. Therefore there
are . ' ' :
26 x 10 0 - x 10 10 = 260,000
choices for choices choices choices * choices
letter for digit “for digit for dig?t for digit
possible 11cense plates in each county » r
In question 7 of Activity 4 you were asked to summarize the gen- -
eral counting method that you used to solve the problems posed there.
One possible method is the following, which we refer to as the

~ Fundamental Principle of Counting: °

*

.
“

Suppose that there are m sets, the first containing
| elements, the second containing n, elements, iy

nd the mth set containing n e}ementg, Then the

‘ umber of ways to form an arrangement of - m elements

by selecting in order one element from each of the
o sets is '

nlxnzx

In the above examaﬂe we weré iriterested fn choosing one letter and
four digits, Thus¥ there were five choices to make, m = 5. The
first set is the seq of 26 letters, and consequently n, = 26. The
remaining four sets/each consist of 10 digits, and consequently

N, = Ny = ng = ng¢s 10 Therefore, the Fundamental Principle gives
the number of 1icense plates as 26 x 10 x 10 x 10 x 10, the same re-
sult we obtained above,




EXAMPLE 2 S - \\\

How many "trains"‘ each consisting of four different "cars" can be .
formed from Red (R), Green (G), Yellow (Y), Purp]e (P), Blue (B);-
and Orange (0) Cuisgn%ire’rods? A train of four cars 'is siﬁp]y a set »
of four rods laid end to end with the front car identified. 1f we
refer to'the;Cuisenéire rods by their colors, and if wé agfee»that
=the trdin is specified by naming the caxs in order, front car first,
then exdmp]es Gf trains‘are: RYBG, RBYG RBYO and BGOY. Notice that
the first two trains are different even though they contain the same
carS‘swnce the cars are in d1fferent orders A]so, the train RYBG Jjs
different from GBYR for the same reason--remember that the fYont car:
is named first. ' , ‘

For each train, there are six choices for” the first car. After
‘the first car is chosen, there are five choices for the second car..
After the .first two cars are sé]ected there are four choices for the
third car, and after the first three cars are chosen there a;e threb.

. choices for the fourth car. Thus, there are -~

o ) 6x5x4x3 __— ‘
different -trains which can be éonstructed from the six different . !
Cuisenaire rods. "It is important to note that‘this téchnique’peter-

L mines the number of ordered selections of four elements from a set of .

six distinct elements.’ A statement which corresponds to that of

Example 1 is the following: - ' '

) \ &

The number of ordered afrangements of r elements
. selected from-a set with n distinct eléments is

nx (n-1)x(n-2)x ... x ([n —»r] + 1

t

A spec1a1 case wh1ch occurs with sufficient frequency to merit

u

special comment is

86
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o

’ . 4 The number of order‘e‘d arrangements of the ele- \: ’
hY
@

[y

.

, as 6 x 5x4x3= 360

‘II' ' rx (r - 1 X 2 x 1 i

4

a . T e

“mepts of a set with' n distinct elements {¥

i -

nx{n-1)x{n=2 ... x2 x 1.

»

]
» of % . . " , &

Since any of -the various changes in the order of the .elements of an:
ordered set is known as a permutation the principie’ state %above is
known as the Pr1nc1p1e oﬁ\Eermutét1ons o B -

‘In this examp]e there are six rods so n-= 6, and we are ‘inter-
ested in the number of arrangements of four rods, that is, r=4,
\/
The' first form of the Pr1nc1p1e then g1ves the number of. arrangements

’ "EXAMPLE 3
§uppose'that in Example 2 we uere simply ‘interested in the humber of
collections of four different rods which can be selected from thé-set

of six rods, rather than in the numb;r of trains. - We knoWithat'the

umber of tra1ns Ts 6 X5x4x3-= 360 However, each co]]ect1on of.

four rods can be used to’ construct, severa] trains. In fact, using
the special case of the Principle of Permutat1ons, each collection of
. four rods can be used to construct 4 x 3 x2x1=24 trains. Viewed

in another way, there is a set of 24 trains each of which consists of

the same four rods but in different orders. Continuing to reasof.in
th1s way, the entire’ co]]ect1on of 360 tra1ns can be part1t1oned into
groups of 24 tra1ns, each group cons1st1ng of trains of the same four
co]ored rods. Therefore, the number of collections of four rods fs
the nutber of groups of 24 trains in 360. That is, 360 ~ 24 or 15.
The genera] principle used in this examp]e is the Principle of Com-

EY a

b1nat1ons R

B o

The number of wdys that a co]]ect1on of r elements can
- be selected from a set.of n d1st1nct e]ements is

| n:x (n - 1) x 4)4} s [n -r]+1)
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¢ ’ ) ¥ ) ' .  IS

§ . 4

’ B N . » P [
In this example, n = 6 and r = 4. The number of collections of four
’ A

~d‘ifferenf rods is . - ,. ’
: | , 5 x 3 _ 360 ‘ .
: @ x3x2Zx1 24 ‘

.8

6 x5 x4 _ 360 _
Tx3%2x = 15
+ piréctioks: . -
Work the hrob]ems-designated by yéur instructor. In each case iden- k
tify the principle(s) which are apb]icaplé to the situatjon and use
them to solve ‘the problem. e .
v, . ' v
1. A class consists’ of 5 boys and 5 girls. In how many ways can a

team consisting of 2 boys and 3 girls be selected?

2. There are-11 girls in a class. Hoﬁ'many<vo]1eyba11 teams of 9

-

x

girls can be formed? .: :

3. Aﬁ£1ub with fo:gy members‘%s to elgct'a set of officers con-

. s{sting of a president, a vice ppresident, a secretary, and a ‘
treasurer. How many different sets of officers could the club
e]éct? T )

© 4. An experiment consists of spinning ‘ ' ' . ‘
y . the spinner shown at the right.five l
times. - ‘How many possible outcomes
are there? . X " o

5. How many different ways are there to seat five people at a semi-
’ circular counter with five seats? - :




cae ’1‘ . R .
. ~ ? . . . .
6. A student plans on registering for one art course, two .social”

v ‘ ~ science courses and two education tourses.

If she is interested

in three art courses, four social science courses and three :

education courses, from how mahy different sets of five courses

must ‘'she make her choice?

7. “An ice cream store offers 31 flavors of ice cream and four*

typés
“of topping. If a sundae consjsts of two scoops of ice cream and

a topping, how many‘different sundaes can be made? How many?

; . ) T
different triple-scoop ice cream coneg tan be made? UWhat do you

_mean by ."different" in each case?

» -

8. There are four airlines flying the Chicago-Los Angeles route énd
seven flying from Los Angeles to Honolulu. How many choices of

»~

carriers do you have for a Chicago-Los Angeles-Honolulu trip?

[l
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TEACHER TEASE&

The Proliferous

Poppies ' e

A red poppy has
has two denes W
genes R and W.

another, each plant contributes one of jts color °
genes to each of its offspring.

‘and W;

two genes R and R; a white poppy
.and . a pink poppy‘has two
When one ‘poppy is crossbred with

The gene con-

tributed by each parent is se]ected.at‘random

from the two genes of that parent.

When a red poppy is crossbred with a white poppy, all offspring

are pink.

What is the percentage composition of the next gen-

eration if the pink poppies are crossbred with each other? -

°

Colors of Flowers

’ @
-

.~ ‘&1 ‘1?,3\
-~ d @'@o

Parental gerferation
First filial generation

. Second filial generaﬁion

o

-

Genes
RR
RW ‘ .
Wi "o
14
A
(4
3 :ﬁﬂ:l [ fid" )
oy i

H R Jacobs, Mathematics, A Human Endeavor (San Franc1sco

W. H. Freeman & Co., 1970), p.

362. (Adapted).

10;

A
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ACTIVITY 16

.INDEPENDENCE

G

FOCUS

In this act1v1ty the ideas of 1ndependent and mutually exclusive
events and conditional probab1]1ty are introduced and exemplified.
A knowledge of these concepts enables one to avoid many of the common

" errors in probabilistic reasoning.

I -

-mscussxorq'- B

Suppose that you flip a fa1r coln If you Jse the symmetry method
and assign probability Z-to the outcome of "heads" landing uppermost,
then this probability is the same for every flip of the cdin, regard-
less of the outcomes of previous flips. Of course, if you flip 100
stra1ght heads you may begin to doubt your symmetry assumption; but
if you retajn this assumption, then the probability of heads #s the

ame on every trial. The coin has no mechanism for remembering past
oufeom%s or for,adjusting future ones. It is therefore reasonable to
'say that the outhmes of any two flips are independent.

. In more complicated experiTentg'it may be very difficult to tell
whether or not two events deserve to-be called 1ndepgndent in the

same sense as in the above example. For ‘this reason we will give a
prébise definition and then several applications of the idea.

Let A and B be events (subsets of the sample space). Then
A B, the intersection of A and B--the set of all outcomes which are
in both A and B, is apother event. &ﬁ A is the event that-a black

_card 1s drawn from a bridge deck and B.1is the event that a queen is

drawn, then A B is the event that a black queen 1is drawn.

. _
.

4

.
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Let A and B be events with Pr[B] # O The condi- * ‘
¢ tional probability of A given B, written PrA|B], g

is defined to be’

Y - _ Pr[ANB]
Pr(A]8] Pr .
The terminology "A given éb ref]ects the factgthat

. ~ Pr[A]|B] 1is the probability that A occurs 1f it is
known tpat B occurs. ,

In theJcard-draw1ng example, if we suppose that the deck is com-
pletely shuffled and the draws are made at random, then

Priad = 25 = 1, pr(8] x.f)i‘z=j%, PrIA N B] = & = 75

and consequently,

-

Our conclusion s that the probabjlity of draw1ng a black card g1ven -

o

PrAl8] = = 5 .

wHS’IH

that we know a queen is drawn is %=. .
What is the probability of drawing a queen given that we know a -
black card is drawn?

2
Pr[queén]b]ack,?ard] Pr[gqgﬁfsgggkbl:ﬁsjcard] : 2% “'%j
3

Notice that in order to answer this quest1on we used the definition
of conditional probability with the event A equal to the draw of a
queen and the event B equal to- the draw of a black card. -
In the spec1a1 case that Pr[A[B] Pr{A], Yhat Is, the probabil-
ity of A given B is the same as the probability of A, then we say
that A and,B areé independent events. The terminolpgy 1s very appro-
priate: A apd B are independent if the occurrence of B does not
affect.the probability that A occurs. For example, suppose that a ]
fdir. coin 1s tossed twice and t;\e outcomes noted. The sample space ‘ .

@
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for this experiment is
Ce [N, (KT, (T, (T ).

‘Using the method of symmetry we assign probability %-to each of these
outcomes. Now let us determine the probability that the second toss
results in heads given that the first results in heads. Let

v A = {outcomes for which second toss is H}
. B = {outcomes for which first toss is H}.
" Then A = {(H H)}.and B = {(H,H), (H,T)}. -
Also AMB = { ] Using the definition we find that
. : 1
- priaje) = ErLAT) Bl - %= 5. :
4

“Since Préheads on second toss] = %J we'conc1ude that the outComes on
successive tosses of a fair coin are independent events. ‘ '
‘ ] To conclude’ this discussion we return to.a point raised in Ac-
1v1ty 3 in the discussion of sthe method of symmetry The problem
posed is the fo]]ow1ng Suppose, there are three pairs of cards
turned face down on a table. One pair is known to consist of two
- black cards; one pair consists of two red ¢ards; and one pair con-
sists of one red and one black. Suppose a pair is selected at random”
and one card turned upj Supposg the card is black. What' is the
probability that the remaining card in the pair is black?
It 1s helpful to construct a tree diagram for this experiment.
Since there are two black cards in one pair, we will distinguish"be—
tween them by denoting them B and B,. Similar]y,'Yl and R will
denote the two red cards in the pair containing only red cards The
probabilities are assigned by symmetry as shown on,the following

ar

page. . -
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Pair First Remaining Co
Selected Draw, Card Outcome Probability
B 1
Black- |4 %1 — 52 818 3
Black X
B, B, 8281“> &
) 1
’ BR s
Black- 3
Start Red ;
= [
RB 4
Red- - Rl b— Ry R R, £
Red ] u
i ! RaRy £

We can compute Pr[remaining card black|card drawn is black] by
_using the definition of conditional probability. We have the events

X = {remaining card black} = {B;B,, B8y, RB}
] Y= {card drawn is black) = {88, B,8,, BR}, Pr(y] = 2 .
XY = [B1 2 8281} Prix N Y] =
Therefore
2
> Prlremaining card black|card drawn is black] = gﬁ%é{? Y '% = % .
3

That s, }f the* first card drawn is black, then the remaining card is
black with probability g . In terms of frequenc1es, if you performed
the experiment many times, you would expect that 5 of the times you
drew a black card it would be from the black-black pair. From this
point of view, the answer seems entirely natural. You might find it
interesti%g to look back at the discussion in Activity 3, p. 30.

DIRECTIONS:

N

Work the problems on the following page designated by your instructor. <«

v

-

-

o
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A card is drawn at random from a completely shuffled bridge

deck. What is the probability that it is the jack of diamonds
given that it is a face card? Given that it is a red card?

A fair coin is flipped twice. What is the probability that the
outcome is two heads? What is the probability that the outcome
is two heads given that heads comes up at least once?

A card is drawn at random from a completely shuffled bridge
deck. The event A is that it is a red card and the event B is
that it is a face card. Are these events independent? Why? -

A card is drawn at random from a completely shuffled bridge
deck. The event X is that it is a queen, and the event Y is
that it is a face card. Are these two events independent? Why?

Two events A and B are said to be mutually exclusive if AMB is
the empty set. Which of the following events are mutually ex-

clusive? Find AN B in each case.

‘a) Two dice are rolled .and the numbers of dots on the hppermost
faces are noted. A is the event that one die shows 3; B is
the evert that the sum of the numbers is even.

b) A coin s flipped three times and the face which lands
uppermost on each flip is noted. A is the event of three
heads; B is the event of at most one heads.

c) A coin is flipped three times'and the face which lands
uppermost on each f11p is recorded. A is the event that the
second “f11p is heads; B is the event that the third flip is
heads . '

Are the events A and 8 of 5 c) independent?

Suppose that A and B are mutually exclusive events and
Pr(B] # 0. Under what conditions are A and B independent?

A standard slot machine has three d1a1s , Each dial has 20 sym-
bols, each different symbol occurring the number of times shown
‘on the following page. “




- Dial 1 Dial 2 Dial 3 #l

Bar 1 3 1

Bell 1 3 3

- “Plum 5 1 5
Orange 3 6 7 N

Cherry 7 7 0

Lemon 3 0 4

20. 20 20

The biggest payoff is for three bars. [If you try playing the
slot machine, what is the probability that you will win the big-
gest payoff? Assume that the slot machine s fair--that is,
each outcome on each dial is equally 1ikely to occur, and the
outcomes on the three dials are independent.
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ACTIVITY 17

_‘PECTED VALUE

Focus:

The outcome of an experiment invo]v#gg randomness 1is usually not de-
terminable in advance. Therefore, if each outcome is-asSociated with
a number (think qf a oayoff) then this number is not determinab]e.

However, 1f one knows the probabilities of the various outcomes then
"the average or eJected value of the payoff can be computed “ -

.

DISCUSSIONY

/

Read the examples below and discuss in your groups.

EXAMPLE 1 ..

Suppose that # fair coin is f1ipped and that you are paid 3d 1f heads
turns up and 1¢ if tails.turns up. What 1s your average ga“inzn‘per
row? SinCe the coin is assumed fair the probabﬂ‘ity of heads turn-
ing up s 2 and the probability of tails Curning up 1is %-; It fol-
Tows that you receive 3¢ with probability - 2 and 1¢ with probabfiity
%=. Your expected gain in gents . s therefore

Brh+rUxp=axt=2

i
¥

i

Notice that the expected gain is dif‘ferent from either one of the
payoffs, .

v <

EXAMPLE 2

*  Consider the spinner shown on the following page, Suppose that the
payoffs associated with the various outcomes (stopping position of
the pointer) are given as follows:

/" ~
Qutcome  Payoff
blue 4¢ ,
. . red 3¢ . ’
yellow ~2¢ (you must contribute 2¢!)

‘ ' /’ green 1¢

-~




If the pointer is equally-likely tg étop in any positi

35

based on symmetry (give the details!) yields

. 1 2 ‘1
Priblue] = 5, Priyellow] = 7,
s . " Prred) = %, Prlgreen] = >

. The expected value of the payoff in cents is i-

. @ x Lhyaxhsaxhraxh-

+

on, an argument

A

oo~

-| and if the payoffs associated with these outcomes.
s a respectively, then the expected payoff or
expected value of the payoff is

In"general, if an experiment has n’ outcome;lol, .
¢

a; x~br[01] +a, x Pr[Oz]'+ o tag X Pr[Oh

EXAMPLE 3

>

Suppose that:you roll .a fair die and receive a number
equal to the number-of dots on the{ face that turns up.
expected payoff on each roll of the die? -

The outcomes (in_numbers of dots) are 1, 2, 3, 4,
since the die is assumed fair, each occurs with the pr
The payoff for outcome 1 is $1, for outcome 2 is $2, e
general formula for expected value given'above we have
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of dollars
What 1is your

5, and 6; and
obability i .

tc. Using the




Notice that ‘the payoffs 1n§roduced here are always numbers IThis is
1mportant for the expected value is defined-only in- the case of
\numer1ca1 payoffs and is 1tse1f a riumber,

+ X . , /‘9
DIRECTIONS: = "

Work the exercises designated by your instructor. _ ﬁﬁf

1. Suppose that in Example 3 the payoffs wefé given as follows.

a) If the outcome is odd, then ‘the payoff. (in dollars) is twice'
"~ the number of dots. If the outcome is even, then the payoff
is zero. What is thé expected payoff? . '

If the outcome is odJ, then the payoff is twice the number
of dots. If the outcome is. even, then the payoff is nega-
tive and equal in magnitude to the number of.dots (the play-
er-pays the house!). What is the expected payoff to the -
player? - ' .

The number of accidents on the Chicago Skyway on a Monday morn-
ing varies from 0 to 5. If the probab1L1t1es of the var1ous
numbers of accidents are given in the tab]e what is the expect-,

ed number of accidents on a randomly selected Monday morn1ng?
/. :

number of accidents | 1 2,

probability 62 | .15 | .10

A student estimates that she will earn #4.0 grade-point average
with probability %3 a 3.5 with probability %3 a 3.0 with proba-

bility &, and a 2.5 with probability & . What is her expected

grade-point average for the semester? ¢




t . . ‘.

A businessman in Milwaukee plans to o either a Brathéus‘Sk_a -
‘Biergarten. The:w1nters in Mi]waukﬁfgagﬁgbe quite cold, and ongma '
a cold day the Br‘athaus would do much mord busmess than the ‘J“
B1ergarten. On ‘a warm day the s1tuat1on wou]d be reversed In

fact, hefestimates that his pro;}p on colg and warm winter dqys
would be that shown in the tabl ' ’

. .o .

k)

Profit : , L
in-dgl;ars Brathaus B1ergarteﬁ
Cold winter day |~ 300 .[ - 100
Warm winter day | 200 - 400 -

[

If the probaﬁility of a cold winter day is %—and the probabi]ity5l
.,of a warm w1n;er day is %ﬁ . s <o ’ ‘,

7
[

a) What is. thezExpected profit from a Brathaus’
'.b) wnat 1s the eiﬁected profit .from a B1ergarten7
c) Which would Vtend to make the most money over the w1nter se‘ .

v son? .
d) Formulate and solve an analogous problem for the summer sea-

son. ,

: X — -

TEACHER TEASER T , | | ‘
’ © b q' ’ .‘ . [
In how many different ways may the L §
numbers on a°single die be marked, .
with the only condition that the 1
and 6, the' 2 and 5, and the 3 and 4

must be on opposite sides?
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REQUIRED MATERIALS . _ s

ACTIViTY AUDIO-VISUAL ~ MANIPULATIVE AIDS READINGS

/f//// Overview Slide-tape: '"Overview ‘ .

of Probability and Sta-
tistics," cassette re- ’ » .
corder and projector. ' '
(Optional)

Several circular cylinders with

different cross section-to

N length ratios, a bag of 25
chips of 4 different colors
(red, white, blue, green), a .
spinner with 3 equal colored : _

. sectors (blue, green, red), a -
fair coin. ‘

b01

3 Two dice, a bridge deck: -

One spinner per group, paper
and colored penc11$

Answers to questions 1 and 3
of the assignment given on page ,

10 of the Overview.

| ®
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ACTIVITY
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' AUDTO-VISUAL

MANIPULATIVE AIDS
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READINGS

-

L

4

13

OPTTONAL

Mostellen, Fredenick,
and Davdid L. Wallace,
"Deciding Authonr-
ship," Statistics: A
Guide to The Unknown,
edifed by .
Tanur, et al. San
Francd{sco: Holden-
Day, 1972, pp. 164~
174. :
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. This unit integrates the content and methods components of - J
the mathematical training of prospective elementary school |
teachers. It focuses on an area of mathematics content and on

the methods of teaching that content to children. The format

of the unit promotes a small-group, activity approach to leam-

ing. The titles of other units are Numeration, Addition and

Subtraction, Multiplication and Dlvlslon Rational Numbers

with Integers and Reals, Awareness Geometry, Transforma-

tional Geometry, Analysis of Shapes, Measurement Graphs:

The Picturing of lnformation Number Theory, and Experiences

in Problem Solving. S
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